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Resumo 

A formulação híbrida-Trefftz do método dos elementos finitos é aplicada à análise 

transiente, geométrica e fisicamente linear, de meios incompressíveis bifásicos 

saturados. São desenvolvidos dois modelos, o modelo de tensão e o modelo de 

deslocamento, os quais são aplicados e testados na análise de problemas 

bidimensionais e axisimétricos. Realizam-se, para cada um dos casos, dois tipos de 

análise, no domínio da frequência e no domínio no tempo. 

O modelo de tensão (deslocamento) decorre da aproximação directa do campo de 

tensões e de pressão (de deslocamento) em cada fase da mistura no domínio do 

elemento e dos deslocamentos (das forças e da pressão) nas fases sólida e líquida da 

fronteira do elemento. As bases de aproximação no domínio usadas na 

implementação dos modelos são extraídas da solução formal do sistema de equações 

diferenciais que governa o comportamento da mistura. 

Os modelos são deduzidos directamente das condições fundamentais de equilíbrio, 

compatibilidade, elasticidade e incompressibilidade. A estrutura dos sistemas 

resolutivos obtidos para cada modelo é simétrica, a menos dos termos dependentes 

da velocidade, esparsa, naturalmente p-adaptativa e apropriada ao processamento 

paralelo. Recuperam-se as condições variacionais que estão associadas com esses 

sistemas e estabelecem-se condições suficientes para a existência e a unicidade das 

soluções. 

Apresenta-se um conjunto amplo de ensaios de validação retirados da literatura da 

especialidade. Os ensaios realizados no domínio da frequência são utilizados para 

demonstrar as características de convergência dos elementos. Os ensaios realizados 

no domínio no tempo são utilizados para avaliar a qualidade da representação dos 

campos de tensão, pressão, deslocamento e velocidade em cada instante da análise. 
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Abstract 

The hybrid-Trefftz formulation of the finite element method is applied to the 

transient, physically and geometrically linear analysis of incompressible saturated 

porous media. Two finite element models are developed, namely the stress model 

and the displacement model. 

The stress (displacement) model develops from the direct approximation of the 

stress and pressure fields (displacements in each phase of the mixture) in the domain 

of the element and of the solid and fluid displacements (forces and pressure) on its 

boundary. The domain approximation bases are extracted from the formal solution 

of the system of differential equations that govern the behaviour of incompressible 

saturated porous media. 

The finite element equations are derived directly from the local conditions on 

equilibrium, compatibility, elasticity and incompressibility. The structure of the 

resulting algebraic solving systems is symmetric, except for the velocity induced 

terms, sparse, naturally p-adaptive and well-suited to parallel processing. The 

associated variational statements are recovered and sufficient conditions for the 

existence and uniqueness of the finite element solutions are stated. 

A comprehensive set of validation tests is presented. The benchmark tests used in 

the literature are solved in the frequency domain to assess the convergence 

characteristics of the alternative stress and displacement elements. They are 

implemented also in the time domain to assess the quality of the estimates they 

produce for the stress, pressure, displacement and velocity fields at every instant of 

the analysis. 



 vi 



 vii 

Keywords 

 

 

Trefftz elements 

 

Incompressible saturated porous media  

 

Spectral analysis  

 

Time domain analysis  



 viii 



 ix

Acknowledgments 

I would like to thank Professor João António Teixeira de Freitas, my supervisor, for 

being honest and open with me, his guidance through the early years of chaos, 

confusion and desperation, many suggestions, friendly encouragement and constant 

support during this research. 

José Paulo Moitinho de Almeida shared with me his knowledge of programming 

and Carlos Manuel Tiago Tavares Fernandes provided me many useful references. 

The FCT Scholarship, which was awarded to me for the period 2003–2007, was 

crucial to the successful completion of this project. 

I also want to thank Ionuţ Dragoş Moldovan for being willing to help whenever I 

needed and the long conversations about our lives in Portugal. 

Finally, I wish to thank the following: Hugo, Cristina, Peter, Diana, Ivana, Adriana, 

César, Bruno, Dávid, Roman ... for all the good and bad times we had together. 

Although, my life in Portugal could be defined as years of solitude, it was definitely 

worth it. 



 x



 xi

Sumário i 

Palavras-chave iii 

Abstract v 

Keywords vii 

Acknowledgments ix 

1 INTRODUCTION 1 

 1.1 Motivation and Scope 1 

 1.2 Object and Objectives 2 

 1.3 Hydrated Soft Tissues 4 

 1.3.1 Articular cartilage 4 

 1.3.2 Mechanical behaviour 6 

 1.3.3 Tenets of biphasic theory 7 

 1.3.4 Soft tissue modelling 9 

 1.4 Trefftz Finite Element Modelling 12 

 1.4.1 Origin of the concept 12 

 1.4.2 Origin of the concept in computational mechanics 13 

 1.4.3 Computational fundaments and perception of the method 14 

 1.4.4 Application of the concept in computational mechanics 15 

 1.5 Layout of the Thesis 17 

2 BASIC EQUATIONS 19 

 2.1 Introduction 19 

 2.2 Notation and Terminology 20 

 2.3 Governing Parabolic Problem 22 

 2.3.1 Domain conditions 23 

 2.3.2 Boundary conditions 24 

 2.3.3 Two-dimensional and axisymmetric problems 24 

 2.4 Time Integration 26 

 2.4.1 Trapezoidal rule analysis 27 

 2.4.2 Periodic spectral analysis 28 

 2.4.3 Non-periodic spectral analysis 29 

 2.5 Equivalent Elliptic Problem 34 

 2.5.1 Approximations in time 35 



 xii

 2.5.2 Domain conditions 35 

 2.5.3 Boundary conditions 36 

 2.5.4 Periodic spectral analysis 38 

 2.5.5 Trapezoidal rule analysis 38 

 2.6 Governing Differential Equation 39 

 2.7 Energy Forms 40 

 2.8 Closure 41 

3 FINITE ELEMENT MODELLING 43 

 3.1 Introduction 43 

 3.2 Basic Equations 45 

 3.3 Finite Element Approximations 47 

 3.3.1 Approximations in the domain 47 

 3.3.2 Trefftz constraint 50 

 3.3.3 Approximations on the boundary 51 

 3.4 Dual Finite Element Transformations 51 

 3.5 Overview of the Alternative Formulations and Models 53 

 3.5.1 Hybrid displacement model 53 

 3.5.2 Hybrid stress model 55 

 3.5.3 Trefftz variant of hybrid stress and displacement models 57 

 3.6 Hybrid Displacement Element 58 

 3.6.1 Procedure 58 

 3.6.2 Elasticity condition 59 

 3.6.3 Equilibrium condition 59 

 3.6.4 Compatibility condition 61 

 3.6.5 Indeterminacy numbers 61 

 3.6.6 Solving system 62 

 3.6.7 Quality of the finite element solutions 63 

 3.7 Hybrid Stress Element 64 

 3.7.1 Procedure 64 

 3.7.2 Elasticity condition 64 

 3.7.3 Compatibility condition 65 

 3.7.4 Equilibrium condition 66 

 3.7.5 Indeterminacy numbers 66 

 3.7.6 Solving system 67 

 3.7.7 Quality of the finite element solutions 68 



 xiii 

 3.8 Hybrid-Trefftz Formulation 68 

 3.8.1 Hybrid-Trefftz displacement model 69 

 3.8.2 Hybrid-Trefftz stress model 69 

 3.8.3 Quality of the hybrid-Trefftz finite element solutions 70 

 3.9 Energy Statements and Uniqueness Conditions 71 

 3.9.1 Duality and virtual work 72 

 3.9.2 Associated quadratic programs 72 

 3.9.3 Non-Hermitian problems 73 

 3.9.4 Hermitian problems 76 

 3.10 Closure 78 

4 PLANE STRAIN AND PLANE STRESS PROBLEMS 81 

 4.1 Introduction 81 

 4.2 Basic Equations 83 

 4.3 Discretization 84 

 4.3.1 Nodes 85 

 4.3.2 Boundary elements 85 

 4.3.3 Domain elements 86 

 4.3.4 Neumann and Dirichlet boundaries 88 

 4.4 Domain Approximation Basis 88 

 4.4.1 Trefftz potentials 89 

 4.4.2 Trefftz approximation functions 90 

 4.4.3 Dimensions of domain bases 97 

 4.5 Boundary Approximation Basis 98 

 4.6 Finite Element Arrays 99 

 4.7 Finite Element Solving Systems 100 

 4.7.1 Displacement model 101 

 4.7.2 Stress model 103 

 4.8 Solution and Post-Processing 106 

 4.9 Testing Problems 109 

 4.10 Frequency Domain Tests 110 

 4.10.1 Boundary conditions 110 

 4.10.2 Forcing frequencies 111 

 4.10.3 Discretization 112 



 xiv

 4.10.4 Incompressibility tests 113 

 4.10.5 Mesh distortion tests 115 

 4.10.6 Convergence tests 116 

 4.10.7 Stress, pressure and displacement estimates 120 

 4.11 Time Domain Tests 124 

 4.11.1 Confined compression test 125 

 4.11.2 Unconfined compression test 128 

 4.11.3 Indentation test 134 

 4.12 Closure 138 

5 AXISYMMETRIC PROBLEMS 141 

 5.1 Introduction 141 

 5.2 Basic Equations 142 

 5.3 Discretization 143 

 5.4 Boundary Approximation Basis 145 

 5.5 Domain Approximation Basis 145 

 5.5.1 Trefftz potentials in cylindrical coordinates 145 

 5.5.2 Trefftz potentials in spherical coordinates 146 

 5.5.3 Trefftz bases 147 

 5.5.4 Cylindrical Trefftz solutions 149 

 5.5.5 Spherical Trefftz solutions 150 

 5.5.6 Dimensions of domain bases 153 

 5.6 Finite Element Arrays 154 

 5.7 Solution and Post-Processing 155 

 5.8 Testing Problems 158 

 5.9 Frequency Domain Tests 159 

 5.9.1 Boundary conditions 159 

 5.9.2 Forcing frequencies 160 

 5.9.3 Discretization 160 

 5.9.4 Incompressibility tests 161 

 5.9.5 Mesh distortion tests 162 

 5.9.6 Convergence tests 165 

 5.9.7 Stress, pressure and displacement estimates 168 

 

 



 xv

 5.10 Time Domain Tests 173 

 5.10.1 Confined compression test 176 

 5.10.2 Unconfined compression test 177 

 5.10.3 Indentation test 185 

 5.11 Closure 186 

6 RESULTS AND FUTURE RESEARCH 187 

 6.1 Planned Research 187 

 6.2 Results of the Research 188 

 6.3 Future Research 194 

BIBLIOGRAPHY 197 

Appendix A: Non-Periodic Spectral Decomposition 221 

Appendix B: Condition Number 223 

Appendix C: System Scaling 225 

Appendix D: Tikhonov Regularization of Ill-Conditioned Problems 227 



 xvi

 



 206 

100. Jin G, M Braza, A nonreflecting outlet boundary condition for 

incompressible unsteady Navier-Stokes calculations, J Comput Physics, 107, 

239-253, 1993. 

101. Almeida JPBM, JAT Freitas, Alternative approach to the formulation of 

hybrid equilibrium finite elements, Comput Struct, 40, 1043-1047 1991. 

102. Almeida JPBM, JAT Freitas, Continuity conditions for finite element analysis 

of solids, Int J Numer Methods Engng, 33, 845-853, 1992. 

103. Freitas JAT, JPM Almeida, EMBR Pereira, Alternative hybrid formulations 

for the finite element method, in J Robinson (ed), FEM – Today and the 

Future, 7
th

 World Cong Finite Element Method, Monaco, 1993. 

104. Freitas JAT, JPBM Almeida, EMBR Pereira, Non-conventional formulations 

for the finite element method, Int J Struct Engng Mech, 1996. 

105. Freitas JAT, JPM Almeida, EMBR Pereira, Non-conventional formulations 

for the finite element method, Computational Mechanics, 23, 488-501, 1999. 

106. Freitas JAT, Duality and symmetry in mixed integral methods of 

elastostatics, Int J Numer Methods Engng, 28, 1161-1179, 1989. 

107. Freitas JAT, Mixed and hybrid symmetric formulations for the boundary 

integral method, Eur J Mech A/Solids, 9, 1-20, 1990. 

108. Freitas JAT, A kinematic model for plastic limit analysis of solids by the 

boundary integral method, Comput Methods Appl Mech Eng, 88, 189-205, 

1991. 

109. Freitas JAT, EMBR Pereira, Application of the Mathieu series to the 

boundary integral method, Comput Struct, 40, 1307-1314, 1991. 

110. Mikhlin SG, Variational Methods in Mathematical Physics, Pergamon, 

Oxford, 1964. 

111. Jiroušek J, P Teodorescu, Large finite elements methods for the solution of 

problems in the theory of elasticity, Comput Struct, 15, 575-587, 1982. 

112. Shaw R, SC Huang, CX Zhao, The embedding integral and the Trefftz 

method for potential problems with partitioning, Engng Analysis Bound 

Elem, 9, 83-90, 1992. 



 207 

113. Jiroušek J, M Stojek, Numerical assessment of a new T-element approach, 

Comput Structures, 57, 367-378, 1995. 

114. Jiroušek J, QH Qin, Application of hybrid-Trefftz element approach to 

transient heat conduction analysis, Comput Struct, 58, 195-201, 1996. 

115. Leitão VMA, On the implementation of a multi-region Trefftz collocation 

formulation for 2D potential problems, Engng Analysis Bound Elem, 20, 51-

61, 1997. 

116. Freitas JAT, Formulation of elastostatic hybrid-Trefftz stress elements, 

Comput Methods Appl Mech Eng, 153, 127-151, 1998. 

117. Hsiao GC, E Schnack, WL Wendland, A hybrid coupled finite-boundary 

element method in elasticity, Comput Methods Appl Mech Eng, 173, 287-

316, 1999. 

118. Freitas JAT, C Cismasiu, Numerical implementation of hybrid-Trefftz 

displacement elements, Comput Struct, 73, 207-225, 1999. 

119. Freitas JAT, C Cismasiu, ZM Wang, Comparative analysis of hybrid-Trefftz 

stress and displacement elements, Arch Comput Meth Engrg, 6, 35-59, 1999. 

120. Freitas JAT, VMA Leitão, A boundary integral Trefftz formulation with 

symmetric collocation, Computational Mechanics, 25, 515-523, 2000. 

121. Freitas JAT, C Cismasiu, Developments with hybrid-Trefftz stress and 

displacement elements, Computer Assisted Mech Engrg Sci, 8, 289-311, 

2001. 

122. Abou-Dina MS, AF Ghaleb, A variant of Trefftz's method by boundary 

Fourier expansion for solving regular and singular plane boundary-value 

problems, J Comput Appl Math, 167, 363-387, 2004. 

123. Díaz M, I Herrera, TH-collocation for the biharmonic equation, Adv Engrg 

Software, 36, 243-251, 2005. 

124. Kita E, Y Ikeda, N Kamiya, Trefftz solution for boundary value problem of 

three-dimensional Poisson equation, Engrg Analysis Boundary Elements, 29, 

383-390, 2005. 

125. Kolodziej JA, A Fraska, Elastic torsion of bars possessing regular polygon in 

cross-section using BCM, Comput Structures, 84, 78-91, 2005. 



 208 

126. Gerhardt TDA, A hybrid/finite element approach for notch stress analysis, 

An application, Proc 10
th

 Canad Cong Appl Mech, 81-82, 1985. 

127. Piltner R, Special finite elements with holes and internal cracks, Int J Numer 

Methods Engng, 21, 1471-1485, 1985. 

128. Freitas JAT, Z-Y Ji, Hybrid-Trefftz boundary integral formulation for 

simulation of singular stress fields, Int J Numer Methods Engng, 39, 281-

308, 1996. 

129. Freitas JAT, Z-Y Ji, Hybrid-Trefftz equilibrium model for crack problems, 

Int J Numer Methods Engng, 39, 569-584, 1996. 

130. Domingues JS, A Portela, PMST Castro, Trefftz boundary element method 

applied to fracture mechanics, Engrg Fracture Mech, 64, 67-86, 1999. 

131. Hsiao GC, E Schnack, WL Wendland, Hybrid coupled finite–boundary 

element methods for elliptic systems of second order, Comput Methods Appl 

Mech Eng, 190, 431-485, 2000. 

132. Huang HT, ZC Li, Effective condition number and superconvergence of the 

Trefftz method coupled with high order FEM for singularity problems, 

Engrg Analysis Boundary Elements, 30, 270-283, 2006. 

133. Li ZC, TT Lu, HS Tsai, AHD Cheng, 
 
The Trefftz method for solving 

eigenvalue problems, Engrg Analysis Boundary Elements, 30, 292-308, 

2006. 

134. Tong P, TH Pian, SL Lasry, A hybrid-element approach to crack problems in 

plane elasticity, Int J Numer Methods Engng, 7, 297-308, 1973. 

135. Lin K, P Tong, Singular finite elements for the fracture analysis of v-notched 

plates, Int J Numer Methods Engng, 15, 1343-1354, 1980. 

136. Jiroušek J, L Guex, The hybrid-Trefftz finite element model and its 

application to plate bending,. Int J Numer Methods Engng, 23, 651-693, 

1986. 

137. Venkatesh A, J Jiroušek, Finite element formulation for the analysis of local 

effects, in Contact Loading and Local Effects in Thin Walled Plated and 

Shell Structures, Springer, Berlin, 1991. 



 209 

138. Venkatesh A, J Jiroušek, Accurate representation of local effects due to 

concentrated and discontinuous loads in hybrid-Trefftz plate bending 

elements, Comput Struct, 57, 863-870, 1995. 

139. Petrolito J, Hybrid-Trefftz quadrilateral elements for thick plate analysis, 

Comput Methods Appl Mech Eng, 78, 331-351, 1990. 

140. Piltner R, The derivation of a thick and thin plate formulation without ad hoc 

assumption, J Elast, 29, 133-173, 1992. 

141. Jin WG, YK Cheung, OC Zienkiewicz, Trefftz method for Kirchhoff plate 

bending problems, Int J Numer Methods Engng, 36, 765-781, 1993. 

142. Qin QH, Hybrid Trefftz finite-element approach for plate bending on an 

elastic foundation, Appl Math Mod, 18, 334-339, 1994. 

143. Jin FS, QH Qin, A variational principle and hybrid Trefftz finite element for 

the analysis of Reissner plates, Comput Struct, 56, 697-701, 1995. 

144. Jiroušek J, A Wróblewski, B Szybinski, A new 12 DOF quadrilateral 

element for analysis of thick and thin plates, Int J Numer Methods Engng, 

38, 2619-2638, 1995. 

145. Jiroušek J, A Wróblewski, QH Qin, QX He, A family of quadrilateral 

hybrid-Trefftz p-elements for thick plate analysis, Comput Methods Appl 

Mech Eng, 127, 315-344, 1995. 

146. Qin QH, Hybrid-Trefftz finite element method for Reissner plates on an 

elastic foundation, Comput Methods Appl Mech Eng, 122, 379-392, 1995. 

147. Petrolito J, Triangular thick plate elements based on hybrid-Trefftz approach, 

Comput Structures, 60, 883-894, 1996. 

148. Fernandes CMTT, VMA Leitão, On a multi-region Trefftz collocation 

method for plate bending, IV World Cong Computational Mechanics, 1998. 

149. Jin WG, YK Cheung, Trefftz method applied to a moderately thick plate, Int 

J Numer Methods Engng, 44, 1011-1024, 1999. 

150. Wang CM, KM Liew, Y Xiang, S Kitipornchai, Application of Trefftz 

theory in thin-plate buckling with in-plane pre-buckling deformations, Int J 

Mech Sci, 34, 681-688, 1992. 



 210 

151. Qin, QH, Postbuckling analysis of thin plates by a hybrid Trefftz finite 

element method, Comput Methods Appl Mech Eng, 128, 123-136, 1995. 

152. Voros GM, J Jiroušek, Application of the hybrid-Trefftz finite element 

model to thin shell analysis, Proc European Conf New Advances in Comput 

Struct Mech, Elsevier, 547-554, 1991. 

153. Piltner R, The use of complex valued functions for the solution of three 

dimensional elasticity problems, J Elast, 18, 191-225, 1987. 

154. Piltner R, The application of a complex 3-dimensional elasticity solution 

representation for the analysis of a thick rectangular plate, Acta Mech, 75, 

77-91, 1988. 

155. Piltner R, The representation of three-dimensional elastic displacement fields 

with the aid of complex valued functions for several curvilinear coordinates, 

Mech Res Comm, 15, 79-85, 1988. 

156. Piltner R, On the representation of three-dimensional elasticity solutions 

with the aid of complex valued functions, J. Elast, 22, 45-55, 1989. 

157. Piltner R, Three-dimensional stress and displacement representations for 

plate problems, Mech Res Comm 18, 41-49, 1991. 

158. Piltner R, A quadrilateral hybrid-Trefftz plate bending element for the 

inclusion of warping based on a three-dimensional plate formulation, Int J 

Numer Methods Engng, 33(2), 387-408, 1992. 

159. Venkatesh DN, U Shrinivasa, Generation of an eight node brick element 

using Papkovitch-Neuber functions, Comput Struct, 54, 1077-84, 1995. 

160. Freitas JAT, FLS Bussamra, Three-dimensional hybrid-Trefftz stress 

elements, Int J Numer Methods Engng, 47, 927-950, 2000. 

161. Qin QH, Nonlinear analysis of thick plates by HT-FE approach, Comput 

Struct, 61, 271-281, 1996. 

162. Qin QH, S Diao, Nonlinear analysis of thick plates on an elastic foundation 

by HT-FE with p-extension capabilities, Int J Solids and Structures, 61, 

4583-4604, 1996. 



 211 

163. Balakrishnan K, PA Ramachandran, A particular solution Trefftz method for 

non-linear Poisson problems in heat and mass transfer, J Comput Physics, 

150, 239-267, 1999. 

164. Akella MR, GR Kotamraju, Trefftz indirect method applied to nonlinear 

potential problems, Engrg Analysis Boundary Elements, 24, 459-465, 2000. 

165. Balakrishnan K, PA Ramachandran, Osculatory interpolation in the method 

of fundamental solution for nonlinear Poisson Problems, J Comput Physics, 

172, 1-18, 2001. 

166. Kompiš V, Toma M, Žmindák M, Handrik M, Use of Trefftz functions in 

non-linear BEM/FEM, Comput Structures, 82, 2351-2360, 2004. 

167. Choi N, YS Choo, BC Lee, A hybrid Trefftz plane elasticity element with 

drilling degrees of freedom, Comput Methods Appl Mech Eng, 195, 4095-

4105, 2006. 

168. Choo YK, N Choi, BC Lee, Quadrilateral and triangular plane elements with 

rotational degrees of freedom based on the hybrid Trefftz method, Finite 

Elements Analysis Design, 42, 1002-1008, 2006. 

169. Fellipa CA, Supernatural QUAD4, A template formulation, Comput 

Methods Appl Mech Eng, 195, 5316-5342, 2006. 

170. Kita E, N Kamiya, Y Ikeda, Boundary-type sensitivity analysis scheme 

based on indirect Trefftz formulation, Adv Engrg Software, 24, 89-96, 1995. 

171. Wearing JL, MA Sheikh, The development of the Trefftzian methodology 

for engineering design analysis, Adv Adv Engrg Software, 24, 117-

131,1995. 

172. Kita E, N Kamiya, Y Ikeda, A new boundary-type scheme for sensitivity 

analysis using Trefftz formulation, Finite Elements Analysis Design, 21, 

301-317, 1996. 

173. Kita E, N Kamiya, Y Ikeda, Application of the Trefftz method to sensitivity 

analysis of a three-dimensional potential problem, Mech Struct Machines, 

24, 1996. 

174. Veldhuis LLM, PM Heyma, Aerodynamic optimisation of wings in multi-

engined tractor propeller arrangements, Aircraft Design, 3, 129-149, 2000. 



 212 

175. Freitas JAT, I Cismasiu, Shape optimization with hybrid-Trefftz 

displacement elements, Int J Numer Methods Engng, 53, 473-498, 2002. 

176. Kita E, Y Ikeda, N Kamiya, Sensitivity analysis scheme of boundary value 

problem of 2D Poisson equation by using Trefftz method, Engrg Analysis 

Boundary Elements, 29, 738-748, 2005. 

177. Wang H, QH Qin, D Arounsavat, Application of hybrid Trefftz finite 

element method to non-linear problems of minimal surface, Int J Numer 

Methods Engng, in press, 2006. 

178. Freitas JAT, Hybrid stress finite elements for gradient dependent plasticity, 

Euromech 371, Bad Herrenalb, 1997. 

179. Freitas JAT, ZM Wang, Hybrid-Trefftz stress elements for elastoplasticity, 

Int J Numer Methods Engng, 43, 655-683, 1998. 

180. Bussamra FLS, PM Pimenta, JAT Freitas, Hybrid-Trefftz stress elements for 

three-dimensional elastoplasticity, Computer Assisted Mech Engrg Sci, 8, 

235-246, 2001. 

181. Qin QH, Formulation of hybrid Trefftz finite element method for 

elastoplasticity, Appl Math Modelling, 29, 235-252, 2005. 

182. Freitas JAT, Hybrid finite element formulations for elastodynamic analysis 

in the frequency domain, Int J Solids Struct, 36, 1883-1923, 1999. 

183. Freitas JAT, ZM Wang, Elastodynamic analysis with hybrid stress finite 

elements, Comput Struct, 79, 1753-1767, 2001. 

184. Freitas JAT, ZM Wang, Elastoplastic dynamic analysis with hybrid stress 

elements, Int J Numer Methods Engng, 53, 515-537, 2002. 

185. Freitas JAT, Mixed finite element formulation for the solution of parabolic 

problems, Comput Methods Appl Mech Eng, 191, 3425-3457, 2002. 

186. Freitas JAT, Time integration and the Trefftz method, Part I – First-order 

and parabolic problems, Computer Assisted Mech Engrg Sci, 10, 453-463, 

2003. 

187. Freitas JAT, Time integration and the Trefftz method, Part II – Second-order 

and hyperbolic problems, Computer Assisted Mech Engrg Sci, 10, 465-477, 

2003. 



 213 

188. Reutskiy SY, A Trefftz type method for time-dependent problems, Engrg 

Analysis Boundary Elements, 28, 13-21, 2004. 

189. Wu YC, DJ Yu, Trefftz method for hydrodynamic pressure on rigid dams 

with non-vertical upstream face, Int J Numer Methods Fluids, 9, 1-7, 1989. 

190. Kuo WS, IH Yang, Stability and vibration of initially stressed thick 

laminated plates, J Sound and Vibration,168, 1993, 285-297, 1993. 

191. Kuo WS, JH Huang, Stability and vibration of initially stressed plates 

composed of spatially distributed fiber composites, J Sound and Vibration, 

199, 51-69, 1997. 

192. Aviles J, XG Li, Analytical-numerical solution for hydrodynamic pressures 

on dams with sloping face considering compressibility and viscosity of 

water, Comput Structures, 66, 481-488, 1998. 

193. Harari I, PE Barbone, M Slavutin, R Shalom, Boundary infinite elements for 

the Helmholtz equation in exterior domains, Int J Numer Methods Engng, 

41, 1105-1131, 1998. 

194. Stojek M, Least-squares Trefftz-type elements for the Helholtz equation, Int 

J Numer Methods Engng, 41, 831-849, 1998. 

195. Freitas, JAT, Hybrid-Trefftz displacement and stress elements for 

elastodynamic analysis in the frequency domain, Computer Assisted Mech 

Engrg Sci, 4, 345-68, 1997. 

196. Harari I, P Barai, PE Barbone, Numerical and spectral investigations of 

Trefftz infinite elements. Int J Numer Methods Engng, 46, 553-577, 1999. 

197. Stojek M, O Marenholtz, Diffraction loads on multiple vertical cylinders 

with rectangular cross section by Trefftz-type finite elements, Comput 

Struct, 75, 335-345, 2000. 

198. Poitou A, M Bouberbachene, C. Hochard, Resolution of three-dimensional 

Stokes fluid flows using a Trefftz method, Comput Methods Appl Mech 

Eng, 190, 561-578, 2000. 

199. Avilés J, XG Li, Hydrodynamic pressures on axisymmetric offshore 

structures considering seabed flexibility, Comput Structures, 79, 2595-2606, 

2001. 



 214 

200. Harari I, P Barai, PE Barbone, M Slavutin, Three-dimensional infinite 

elements based on a Trefftz formulation, J Comput Acoustics, 9(2), 381-394, 

2001. 

201. Sládek J, V Sládek, R Van Keer, Global and local Trefftz boundary integral 

formulations for sound vibration, Adv Engrg Software, 33, 469-476, 2002. 

202. Freitas JAT, C Cismasiu, Hybrid-Trefftz displacement element for spectral 

analysis of bounded and unbounded media, Int J Solids and Structures, 40, 

671-699, 2003. 

203. Hochard Ch, A Trefftz approach to computational mechanics, Int J Num 

Methods Engng, 56, 2367-2386, 2003. 

204. Chang JR, RF Liu, An asymmetric indirect Trefftz method for solving free-

vibration problems, J Sound and Vibration, 275, 991-1008, 2004. 

205. Harari I, R Djellouli, Analytical study of the effect of wave number on the 

performance of local absorbing boundary conditions for acoustic scattering, 

Appl Numer Math, 50, 15-47 ,2004. 

206. Kita E, J Katsuragawa, N Kamiya, Application of Trefftz-type boundary 

element method to simulation of two-dimensional sloshing phenomenon, 

Engrg Analysis Boundary Elements, 28, 677-683, 2004. 

207. Piasecka M, S Hozejowska, ME Poniewski, Experimental evaluation of flow 

boiling incipience of subcooled fluid in a narrow channel, Int J Heat Fluid 

Flow, 25, 159-172, 2004. 

208. Sze KY, HT Wang, H Fan, A finite element approach for computing edge 

singularities in piezoelectric materials, Int J Solids and Struct, 38, 9233-

9252, 2001. 

209. He JH, Coupled variational principles of piezoelectricity, Int J of Eng Sci, 

39, 323-341, 2001. 

210. Qin QH, Variational formulations for TFEM of piezoelectricity, Int J Solids 

Struct, 40, 6335-6346, 2003. 

211. Van Hal B, W Desmet, D Vandepitte, P Sas, A coupled finite element-wave 

based approach for the steady-state dynamic analysis of acoustic systems, 

submitted for publication, 2004. 



 215 

212. Pereira OJBA, Almeida JPM, Maunder EAW, Adaptive methods for hybrid 

equilibrium finite element models, Comp. Methods in App. Mech. and Eng, 

176, 19-39, 1999. 

213. Almeida JPM, Pereira OJBA, Upper bounds of the error in local quantities 

using equilibrated and compatible finite element solutions for linear elastic 

problems, Comp. Methods in App. Mech. and Eng, 195, 279-296, 2006. 

214. Pluymers B, W Desmet, D Vandepitte P Sas, Application of an efficient 

wave-based prediction technique for the analysis of vibro-acoustic radiation 

problems, J Comput Appl Math, 168, 353-364, 2004. 

215. Freitas JAT, ID Moldovan, M Toma, Trefftz spectral analysis of biphasic 

media, WCCM VI, Beijing, 2004. 

216. Jin WG, N Sheng, KY Sze, J Li, Trefftz indirect methods for plane 

piezoelectricity, Int J Numer Methods Engng, 63, 139-158, 2005. 

217. Sheng N, KY Sze, Multi-region Trefftz boundary element method for 

fracture analysis in plane piezoelectricity, Computational Mechanics, 37, 

381-393, 2005. 

218. Van Hal B, W Desmet, D Vandepitte, Hybrid finite element - wave based 

method for steady-state interior structural-acoustic problems, Comput Struct, 

83, 167-180, 2005. 

219. Moldovan ID, JAT Freitas, Hybrid-Trefftz finite element models for 

bounded and unbounded elastodynamic problems, III European Conf 

Comput Mech, Lisbon, 2006. 

220. Sheng N, KY Sze, YK Cheung, Trefftz solutions for piezoelectricity by 

Lekhnitskii's formalism and boundary-collocation method, Int J Numer 

Methods Engng, 65, 2113-2138, 2006. 

221. Wang HT, KY Sze, XM Yang, Analysis of electromechanical stress 

singularity in piezoelectrics by computed eigensolutions and hybrid-Trefftz 

finite element models, Computational Mechanics, in press, 2006. 

222. Freitas JAT, ID Moldovan, M Toma, Mixed and Hybrid Stress Elements for 

Biphasic Media, UK Conference of the Association of Comp Mech in 

Engng, United Kingdom, paper 4, 2007. 



 216 

223. Jiroušek J, B Szybimageski, A Wróblewski, Mesh design and reliability 

assurance in hybrid-Trefftz p-element approach, Finite Elements Analysis 

Design, 22, 225-247, 1996. 

224. Jiroušek J, A Venkatesh, A new FE approach for adaptive reliability 

assurance, Comput Struct, 37, 217-230, 1990. 

225. Jiroušek J, Hybrid-Trefftz plate bending elements with p-method 

capabilities, Int J Numer Methods Engng, 24, 1367-1393, 1987. 

226. Jiroušek J, A Venkatesh, A simple stress error estimator for hybrid-Trefftz p-

version elements, Int J Numer Methods Engng, 28, 211-236, 1989. 

227. Jiroušek J, M N'Diaye, Solution of orthotropic plates based on p-extension of 

the hybrid-Trefftz finite element model, Comput Struct, 34, 1, 51-62, 1990. 

228. Jiroušek J, A Venkatesh, Adaptivity in hybrid-Trefftz finite element 

formulation, Int J Numer Methods Engng, 29, 391-405, 1990. 

229. Jiroušek J, M N'Diaye, Hybrid-Trefftz p-method elements for analysis of fiat 

slabs with drops, Comput Struct, 43, 1, 163-179, 1992. 

230. Jiroušek J, A Venkatesh, AP Zielinski, H Rabemanantsoa, Comparative 

study of p-extensions based on conventional assumed displacement and 

Hybrid-Trefftz FE models, Comput Structures, 46, 261-278, 1993. 

231. Christiansen S, PC Hansen, The effective condition number applied to error 

analysis of certain boundary collocation methods, J Comput Appl Math, 60, 

231-247, 1994. 

232. Freitas JAT, C Cismasiu, Adaptive p-refinement of hybrid-Trefftz finite 

element solutions, Finite Elements Analysis Design, 39, 1095-1121, 2003. 

233. Li ZC, Error analysis of the Trefftz method for solving Laplace's eigenvalue 

problems, J Comput Appl Math, in press, 2006. 

234. Almeida JPM, JAT Freitas, Some aspects on the parallel implementation of 

non conventional finite element formulations, in Computational Plasticity, 

Fundamentals and Applications, Pineridge, Swansea, 1995. 

235. Almeida JPM, JAT Freitas JAT, On the parallel implementation of non-

conventional finite element formulations. in Advanced Computational 

Methods in Structural Mechanics, CIMNE, Barcelona, 1996. 



 217 

236. Cismasiu I, JPM Almeida, LMS Castro, DC Harbis. Parallel solution 

techniques for hybrid mixed finite element models, in Innovative 

Computational Methods for Structural Mechanics, Saxe Coburg, 1999. 

237. Tamma KK, Zhou X, Sha D. The time dimension, A theory towards the 

evolution, classification, characterization and design of computational 

algorithms for transient/dynamic applications, Arch Computational Methods 

in Engineering, 7, 67-290, 2000. 

238. Hughes TJR. The finite element method, Linear static and dynamic finite 

element analysis, Prentice-Hall, Englewood Cliffs, N.J, 1987. 

239. Daubechies I. Orthonormal bases of compactly supported wavelets, 

Communications Pure and Applied Mathematics, 41, 909-996, 1988. 

240. Monasse P, Perrier V. Orthonormal wavelet bases adapted for partial 

differential equations with boundary conditions, SIAM J Numerical 

Analysis, 29, 1040-1065, 1998. 

241. Pina JPP, Freitas JAT, Castro LMS. Use of wavelets in dynamic analysis, (in 

Portuguese), in Métodos Computacionais em Engenharia, APMTAC, Lisbon 

2004. 

242. Freitas JAT, Hybrid-Trefftz elements for spectral analysis of incompressible 

saturated porous media, Int. Report, ICIST, 2004. 

243. Freitas JAT, Almeida JPM, Pereira EMBR. Non-conventional formulations 

for the finite element method. Computational Mechanics, 23, 488-501, 1999. 

244. Freitas JAT, Hybrid finite element formulations for elastodynamic analysis 

in the frequency domain. Int J Solids and Structures, 36,1883-1923, 1999. 

245. Ritz W, Ueber eine neue Methode zur Lösung gewisser Variationsprobleme 

der mathematischen Physik, J. Reine Angew. Math. 135 (1908 or 1909) 1. 

246. Veubeke BMF, Upper and lower bounds in matrix structural analysis, 

AGARDograf, 72, 165-201, 1961.  

247. Freitas JAT, Uniqueness conditions for non-Hermitian systems, Int. Rept, 

ICIST, 2006. 

248. Cottle RW, Symmetric dual quadratic programs, Q. Appl. Maths, 36, 1883-

1923, 1963.  



 218 

249. Cismasiu I, Almeida JPM. The use of topological data-structures in the 

distributed solution of non-conventional finite element formulations. 

Computers & Structures, 82, 1405-1411, 2004. 

250. Condition Number, http://en.wikipedia.org/wiki/Condition_number 

251. Tikhonov AN and Arsenin VA, Solution of Ill-posed Problems, Winston & 

Sons, Washington, 1977. 

 



 219 

Appendix A: Non-Periodic Spectral Decomposition 

The procedure that ensures a time approximation basis that satisfies the 

uncoupling condition (43) can be summarized as follows [185]:
 

1. Let row-vector ( )τϕϕϕϕ , with /t tτ ∆= , represent a (real, in general) basis with 

support [0,1]  and define the time basis ( )tΤΤΤΤ  by the following (complex, in 

general) linear combination, 

 ( ) ( )
T

T
t τ= ZΤ ϕΤ ϕΤ ϕΤ ϕ   

 to yield the following expressions for definitions (41) and (42): 

 ˆ T

T T
= Z h ZΗΗΗΗ   

 
T

T T
= ˆG Z g Z   

 
1

0
dΤ τ= ∫h ϕ ϕϕ ϕϕ ϕϕ ϕ  (A1) 

 
=

( )
1

1 0
dΤ Τ

τ τ= − ∫g ϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕ�  (A2) 

2. Compute the (real) eigenvalues, L, and (orthonormal) eigenvectors, E, of the 

(symmetric) matrix h, defined by equation (A1): 

 =h E E ΛΛΛΛ   

3. Set up the (asymmetric) matrix g, defined by equation (A2), and compute the 

(complex conjugate) eigenvalues, ΩΩΩΩ , and eigenvectors, 
*

E , of matrix, 

 
*

( ) ( )
1 1
2 2T− −

=g E g EΛ ΛΛ ΛΛ ΛΛ Λ   

 
* * *

=g E E ΩΩΩΩ   

4. The uncoupling condition (43) holds when the linear combination matrix is 

defined by: 

 
*

1
2T T

T

−
=Z E EΛΛΛΛ   

The definitions below are useful to support the implementation of the time basis: 

 
* *

ˆ( )
1 T T− =H E E   
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 ˆ1

H T

−=Z H Z   

 ˆ ( ) ( )
o 1 T

H
0 0

−= =H T ZΩ ϕΩ ϕΩ ϕΩ ϕ   

Thus, and according to result (A6), the forcing frequencies present in definition 

(61) are /
n n

i tω Ω ∆= −  and /
o

n n
i tω Ω ∆= − . It can be readily verified that all 

prescribed terms in system (62)-(65), (68)-(71), namely the n
th

 order term of the j
th

 

component of the body forces and of the prescribed boundary forces, pressure and 

displacements, say ( )
j

v ,tx , share the following common expression: 

 ˆ( ) ( ) ( )
N

t-1

jn nm m j0
m 1

t v H T t v ,t dt
∆

∆
=

= ∑ ∫x x  (A9) 
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Appendix B: Condition Number 

The condition number associated with a problem is a measure of that problem’s 

amenability to digital computation, that is, how numerically well-posed the 

problem is. A problem with a low condition number is said to be well-conditioned, 

while a problem with a high condition number is said to be ill-conditioned [250]. 

The condition number associated with the linear equation =A x b  gives a 

bound on how inaccurate the solution x  will be after approximate solution, before 

the effects of round-off error are taken into account. Conditioning is a property of 

the matrix, not the algorithm or floating point accuracy of the computer used to 

solve the corresponding system. So the round-off errors in computation only 

aggravate the already inaccurate solution of a ill-posed system. 

The condition number of a matrix A  is defined by 

 ( ) 1
.κ −=A A A   

in any consistent norm. This definition depends on the choice of the norm. 

If the second norm, 
2

. , is used and if A  is normal, then 

 ( )
( )
( )

max

min

λ
κ

λ
=

A
A

A
  

where ( )max
λ A  and ( )min

λ A  are maximal and minimal eigenvalues of A , 

respectively. 
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Appendix C: System Scaling  

The global system has the following form: 

 
T

     
=    

     

A B x E

B 0 y F
 

The scaling strategy ensures unit diagonal entries for matrix A  and entries in 

matrix B  smaller than unity. 

Two diagonal scaling matrices are used, 
x

S  and 
y

S . Letting 

 
x

=x S x  

the solving system is scaled into form: 

  

T T

xx x x

T

x

     
=    

    

x S ES A S S B

y FB S 0
 

Depending on the approximation basis, matrix A  may have zero diagonal 

entries. Therefore, these scaling factors are chosen as follows: 

• If 
,maxii jj

a aε<  then 

,max

1
xi

jj

s
a

= . 

• If 
,maxii jj

a aε>  then 
1

xi

ii

s
a

= . 

Scaling of variable y  is enforced next, 

 
y

=y S y  

to yield: 

 

T T T

x x x y x

T T T

y x y

      
=    
     

S A S S B S S Ex

S B S 0 S Fy
 

By choosing 
yi

s  to be the inverse of the largest element (in modulus) in column 

i  of the block matrix 
T

x
S B , the coefficients in each column of the resulting block 

matrix 
T

x y
S B S  are no longer larger than unity. 
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Appendix D: Tikhonov Regularization of Ill-Conditioned 

Problems 

In many cases of linear algebra, the need arises to find a good approximation x̂  to 

a vector x  satisfying an approximate equation ≈A x b  with an ill-conditioned 

matrix A . 

Numerical errors are accumulated in the process of numerical computing the 

system matrix A  and the right-hand side vector b . Moreover, if the system matrix 

A  is an ill-posed matrix, these usually small perturbations may cause large 

changes in the solution vector x . 

In case of a well-posed matrix A  such as, 

 

11 10 14

12 6 13

14 13 66

 
 − 
 − 

 

and right-hand side vector b , 

 

1

0

1

 
 
 
 
 

 

the solution vector x  is: 

 

0.0956409

0.19974

0.00390371

− 
 
 
 
 

 

The condition number of the matrix A , using the spectral norm, is 37 meaning 

the matrix is well-posed. 

When small changes of 0.01% are made on the entries of the system matrix A , 

11.0001 9.9999 14.0001

12.0001 6.0001 12.9999

13.9999 13.0001 65.9999

 
 − 
 − 

 

and vector b , 
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1.0001

0.0001

0.9999

 
 
 
 
 

 

the solution vector x  is: 

 

0.0956249

0.19973

0.00390719

− 
 
 
 
 

 

Thus, perturbing each of the elements of A  and b  by 0.01%, a perturbation of 

0.005% occurs in the largest coefficient of the solution vector x . 

Now, if the system matrix A  is ill-posed, such as, 

 

11 10 14

12 11 13

14 13 66

 
 − 
 − 

 

with the same right-hand side vector, the solution vector x  is: 

 

841

921

3

− 
 
 
 
 

 

The system matrix A  is non-singular as the determinant of the matrix is non-

zero, but it is a nearly singular matrix with condition number 171399. Therefore 

the matrix is ill-conditioned. 

Now, again, after perturbing each of the elements of A  and b  by 0.01% the 

solution vector x  is found to be, 

 

899.604

985.184

3.21395

− 
 
 
 
 

 

which means a perturbation of 7% in the largest coefficient of the solution vector 

x . 

Regularization procedures have been developed to find meaningful approximate 

solutions of ill-conditioned or singular linear systems. 
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Tikhonov regularization [251] is the most commonly used method of 

regularization of ill-posed problems. The ill-conditioned system of linear 

equations =A x b  is replaced by the problem of seeking a solution x  that 

minimizes the smoothing functional: 

 
2 2

[ ]M α= − +x A x b x  

The necessary and sufficient condition for x  to be a minimum point of [ ]M x  is 

that the first Fréchet differentiate of [ ]M x  is equal to zero. As, 

 
* *( [ ]) 2( )M α′= − +x A A x A b x  

the condition takes the following form: 

 
* *α+ =A A x x A b  

Thus, this equation can be solved for some suitably chosen Tikhonov 

regularization parameter 0α >  instead of minimizing [ ]M x . It is possible to 

compute the inverse of 
* α+A A I , where I  is an identity matrix, because the 

matrix 
* α+A A I  is no longer ill-posed or at least it is better conditioned than the 

original system matrix A . Therefore, the approximation x̂  is given by the 

following definition: 

 
* 1 *ˆ ( )α −= +x A A I A b  

When this technique is used to solve the ill-posed numerical test defined above 

with the regularization parameter =0.000000025174α , the solution vector x̂  is 

found to be: 

 

841

921.008

3.00455

− 
 
 
 
 

 

Thus, the traditional Tikhonov regularization scheme produces a result that 

decreases from 7% to 0.00086% of the perturbation on the largest coefficient of 

the solution vector x . 



 228 

In order to obtain smoother solutions, the formula 
* 1 *ˆ ( )α −= +x A A I A b  can be 

used with iterative refinement on the non-regularized system, 

 (0) (0),     = =x 0 r b  

and 

( ) ( ) * 1 * ( ) ( )( ) ,   i i-1 i-1 i (i)α −= + + = −x x A A I A r r b A x  for i = 1,2,... 

An inherent limitation of this regularization technique is that there is no reliable 

way to determine the problem dependent regularization parameter α , in the 

absence of information about the size of the residuals and the degree of 

smoothness. Finding the valid choice for the regularization parameter is still an 

open issue. 


