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Resumo 

A formulação híbrida-Trefftz do método dos elementos finitos é aplicada à análise 

transiente, geométrica e fisicamente linear, de meios incompressíveis bifásicos 

saturados. São desenvolvidos dois modelos, o modelo de tensão e o modelo de 

deslocamento, os quais são aplicados e testados na análise de problemas 

bidimensionais e axisimétricos. Realizam-se, para cada um dos casos, dois tipos de 

análise, no domínio da frequência e no domínio no tempo. 

O modelo de tensão (deslocamento) decorre da aproximação directa do campo de 

tensões e de pressão (de deslocamento) em cada fase da mistura no domínio do 

elemento e dos deslocamentos (das forças e da pressão) nas fases sólida e líquida da 

fronteira do elemento. As bases de aproximação no domínio usadas na 

implementação dos modelos são extraídas da solução formal do sistema de equações 

diferenciais que governa o comportamento da mistura. 

Os modelos são deduzidos directamente das condições fundamentais de equilíbrio, 

compatibilidade, elasticidade e incompressibilidade. A estrutura dos sistemas 

resolutivos obtidos para cada modelo é simétrica, a menos dos termos dependentes 

da velocidade, esparsa, naturalmente p-adaptativa e apropriada ao processamento 

paralelo. Recuperam-se as condições variacionais que estão associadas com esses 

sistemas e estabelecem-se condições suficientes para a existência e a unicidade das 

soluções. 

Apresenta-se um conjunto amplo de ensaios de validação retirados da literatura da 

especialidade. Os ensaios realizados no domínio da frequência são utilizados para 

demonstrar as características de convergência dos elementos. Os ensaios realizados 

no domínio no tempo são utilizados para avaliar a qualidade da representação dos 

campos de tensão, pressão, deslocamento e velocidade em cada instante da análise. 
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Abstract 

The hybrid-Trefftz formulation of the finite element method is applied to the 

transient, physically and geometrically linear analysis of incompressible saturated 

porous media. Two finite element models are developed, namely the stress model 

and the displacement model. 

The stress (displacement) model develops from the direct approximation of the 

stress and pressure fields (displacements in each phase of the mixture) in the domain 

of the element and of the solid and fluid displacements (forces and pressure) on its 

boundary. The domain approximation bases are extracted from the formal solution 

of the system of differential equations that govern the behaviour of incompressible 

saturated porous media. 

The finite element equations are derived directly from the local conditions on 

equilibrium, compatibility, elasticity and incompressibility. The structure of the 

resulting algebraic solving systems is symmetric, except for the velocity induced 

terms, sparse, naturally p-adaptive and well-suited to parallel processing. The 

associated variational statements are recovered and sufficient conditions for the 

existence and uniqueness of the finite element solutions are stated. 

A comprehensive set of validation tests is presented. The benchmark tests used in 

the literature are solved in the frequency domain to assess the convergence 

characteristics of the alternative stress and displacement elements. They are 

implemented also in the time domain to assess the quality of the estimates they 

produce for the stress, pressure, displacement and velocity fields at every instant of 

the analysis. 
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CHAPTER 1 

INTRODUCTION 

 

 

1.1 Motivation and Scope 

The study reported here is part of an ongoing research programme on the 

application of the Trefftz concept to the solution of engineering applications using 

the finite element method, Ref. [1].  

Two- and three-dimensional elastostatic applications were used initially to gain 

experience and establish the basic skills required by this approach, namely in what 

concerns the modelling of singular stress fields. The following stage of the study 

addressed the extension to local and gradient-dependent plasticity modelling and 

to the application of the concept to dynamic analysis problems, in both frequency 

and time domains. 

When the study reported here was launched, the main motivation was to assess 

the performance of the hybrid-Trefftz variant in the modelling dynamic response 

of biphasic media typically found in Geomechanics, namely saturated soils. At the 

same time, specialists in Biomechanics encouraged the use of the same technique 

to overcome a well-established difficulty found in the modelling of the behaviour 

of conceptually similar biomaterials, namely the incompressibility of hydrated soft 

tissues. 

These two complementary studies would serve also the purpose of establishing 

the basic knowledge and experience necessary to support the nonlinear extension 

of the hybrid-Trefftz variant of the finite element method, namely to the 

physically (elastoplastic) nonlinear analysis of saturated soils and to the 

geometrically (large strain) nonlinear analysis of hydrated soft tissues. 
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However, and as the research on finite element modelling of soft tissues 

developed, it became clear that the record on finite element linear modelling of the 

transient response of hydrated soft tissues left open a number of fundamental 

issues. This fact justified the option to centre this research on linear modelling in 

order to establish a comprehensive study with the object and objectives identified 

below. 

 

1.2 Object and Objectives 

This thesis focuses on the application of the displacement and stress models of 

hybrid-Trefftz finite formulation to the geometrically and physically linear 

analysis of the transient response of incompressible biphasic media. 

The Trefftz concept consists simply in using an approximation basis extracted 

from the solution set of the governing system of differential equations. When this 

concept is implemented in the framework of the finite element method released 

from both node and local conformity concepts, the resulting finite element solving 

systems are sparse, free of spurious modes, well-suited to adaptive refinement and 

parallel processing. 

In the present context, the Trefftz approximation basis satisfies locally all 

domain conditions that model the response of hydrated soft tissues, namely the 

equilibrium conditions in both the solid and fluid phases, and not only the mixture, 

as proposed elsewhere, as well as the constitutive relations and the compatibility 

conditions, including the mixture incompressibility condition. 

Besides embodying the physics of the problem, this basis leads to a solving 

system where all coefficients are defined by boundary integral expressions. 

Hence, it leads to a formulation that combines the main features of the finite 

element and boundary element methods, namely domain decomposition and 

boundary integral expressions, while dispensing the use of (strongly singular) 

fundamental solutions. 
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Modelling of the response of hydrated soft tissues is usually based on the 

biphasic theory developed and experimentally validated by V.C. Mow and his co-

workers [2]. Typically these models are developed from the discretization in the 

time domain of the governing system of parabolic equations using trapezoidal 

time integration rules. The resulting elliptic problem is then solved using the 

different techniques for boundary value problems reported in literature, namely 

the penalty, mixed-penalty, mixed and hybrid finite formulations that have been 

developed for the analysis of hydrated soft tissues. 

However, and besides modelling of incompressibility of the mixture, which 

remains a sensitive issue, basic aspects of linear finite element modelling of the 

behaviour of this particular biomaterial remain unaddressed and justify the 

objectives set for this study: 

• To develop naturally hierarchical approximation bases that model locally the 

domain conditions that govern the linear response of incompressible biphasic 

media; 

• To formulate the alternative stress and displacement models of the hybrid-

Trefftz variant of the finite element method, for both the two-dimensional and 

axisymmetric problems; 

• To derive the associated energy statements and the conditions for the existence 

and uniqueness of finite element solutions; 

• To derive spectral analysis models to assess the performance of the alternative 

stress and displacement Trefftz elements in terms of convergence and of their 

sensitivity to gross mesh distortion, wavelength excitation and full 

incompressibility; 

• To derive time domain analysis models to asses the performance of the Trefftz 

elements using a high-order time integration method designed to preserve 

parabolicity and exploit the use of a naturally hierarchical wavelet time 

approximation basis; 
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• To encode the finite element formulation in a format suitable to adaptive 

refinement and parallel processing. 

 

1.3 Hydrated Soft Tissues 

The term soft tissue refers to tissues that connect, support, or surround other 

structures and organs of the body. Soft tissue includes muscles, tendons (bands of 

fiber that connect muscles to bones), fibrous tissues, fat, blood vessels, nerves, and 

synovial tissues (tissues around joints). 

To be able to follow the results obtained with finite element simulations, it is 

important to understand the way a soft tissue works and, to a lesser extent, which 

are the functions it is responsible for. The knee articular cartilage, a typical soft 

tissue material, is used in this section to explain briefly how this biomaterial 

works and to introduce the tenets of biphasic theory, see Ref. [3].  

1.3.1 Articular cartilage 

There are basically two major phases of the articular cartilage illustrated in Figure 

1.1. They are the fluid phase, containing water (68–85%) and electrolytes, and the 

solid phase, containing collagen type II (10–20%), proteoglycans (5–10%), 

glycoproteins and chondrocytes. Chondrocytes are the cells that produce the 

cartilage matrix. 

These major components (water, collagen, proteoglycans) act together to 

determine the mechanical behaviour of cartilage. Changes in the relative amounts 

of these components due to disease will change the time dependent mechanical 

properties of cartilage. 

About 30% of the total water exists within the interfibrillar space of collagen. 

The collagen fibril diameter and the amount of water within the collagen are 

determined by the swelling pressure due to the fixed charge density of the 

proteoglycans. In other words, the proteoglycans have strong negative electric 

charges and they are constrained within the collagen matrix. Because the 

proteoglycans are bound closely, the closeness of the negative charges creates a 
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repulsion force that must be neutralized by positive ions in the surrounding fluid. 

The higher concentration of ions in the tissue as compared to outside the tissue 

leads to swelling pressures. The exclusion of water raises the density of fixed 

charge, which in turn raises the swelling pressure and charge-charge repulsion. 

 

Load 

Load 

Motion 

Motion 

Load 

Load Subchondral 

Cortex 

Meniscus 

Articular 

Cartilage 

Joint 

Cavity 

Bone 

Articular 

Cartilage 

(a) (b) 
 

Figure 1.1: Illustration of the knee articular cartilage, Ref. [3]: 

(a) The knee (0.5−15 cm); (b) The articular cartilage (10
−4

−10
−2

 m). 

 

The amount of water present in cartilage depends on the concentration of 

proteoglycans, the organization of the collagen network, and the stiffness and 

strength of the collagen network. 

The collagen network resists the swelling of the articular cartilage. If the 

collagen network is degraded, as in the case of osteoarthritis, the amount of water 

in the cartilage increases, because more negative ions are exposed to draw in fluid. 

The increase in fluid can significantly alter the mechanical behaviour of the 

cartilage. 

In addition, with a pressure gradient or compression, fluid is squeezed out of the 

cartilage. When the fluid is being squeezed out, there are drag forces between the 

fluid and the solid matrix that increase with increasing compression and make it 

more difficult to exude water. This behaviour increases the stiffness of the 

cartilage as the rate of loading is increased. Collagen is the component of cartilage 

that contributes most to tensile behaviour of the tissue. 
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The third major component of cartilage is proteoglycans. Proteoglycans are 

large biomolecules that consist of a protein core with glycosaminoglycan side 

chains. These molecules normally occupy a large space when not compacted by a 

collagen network. The compaction of the proteoglycans affects swelling pressure 

as well as fluid motion under compression. 

1.3.2 Mechanical behaviour 

There are three major factors that contribute to articular cartilage mechanical 

behaviour. Firstly, there is the swelling pressure due to the ionic effects in the 

tissue. Secondly, there is the elastic behaviour of the solid matrix itself. Thirdly, 

there is the fluid-solid interaction in the cartilage under compressive load, as 

shown in Figure 1.2. 

 

Figure 1.2: Stress-strain curve for soft tissues, Ref. [3]. 

 

The mechanical behaviour of the solid matrix is determined by the amount and 

crimp of collagen in the matrix. Therefore this matrix follows the classic nonlinear 

stress-strain curve for soft tissues, shown in Figure 1.2, where the regions (a toe 

region, a linear region, and a failure region) correspond the unfolding of the 

crimp.  

The interaction between the fluid and solid phases of the cartilage plays a 

significant role in the mechanical behaviour of cartilage. The flow of water out of 

the tissue and the drag this creates on the solid phase are major determinants of the 
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compressive behaviour of the tissues. Thus, in this sense, the mechanical 

behaviour of the cartilage is very dependent on how easy it is for the fluid to move 

in and out of the tissue, a property known as permeability. 

Flow of fluid through solid, permeable matrices is governed by Darcy’s law (1), 

 
A P

Q
h

=
κ ∆

 (1) 

which relates the rate of volume discharge, Q (m
3
s

−1
), through a porous solid with 

the pressure gradient applied to the solid, ∆P (Nm
−2

) and the hydraulic 

permeability coefficient, κ (m
4
N

−1
s

−1
). In the equation above, A is the area (m

2
) 

and h is the height of the specimen (m). 

The permeation speed V (ms
−1

) measures the volume of discharge per unit area 

of the fluid. The diffusive drag coefficient measures how much drag the fluid 

creates on the solid and is defined as follows, where 
f

φ  is the volume fraction of 

the fluid: 

 

2( )
f=

φ
ς

κ
 (2) 

1.3.3 Tenets of biphasic theory 

Permeability and load sharing between the solid and fluid components form the 

basis for the biphasic theory of cartilage behaviour. The tenets of biphasic theory 

are the following, Ref. [3]: 

• The solid matrix may be linearly elastic or hyper-elastic with isotropic or 

anisotropic behaviour; 

• The solid matrix and the interstitial fluid form an incompressible mixture, 

which means that the cartilage as whole can only be compressed if fluid is 

exuded from the system; 

• The dissipation of energy results from the fluid flow relative to the solid 

matrix; 

• The frictional drag of the solid versus the fluid is proportional to the 

relative velocity, as defined by the diffusive drag coefficient. 
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This theory captures the basic behaviour of cartilage under compression. An 

example of the response of the cartilage under confined compression is shown in 

Figure 1.3. The containing chamber is assumed to be rigid, impermeable and 

lubricated. The loading platen is permeable and lubricated. 

In this case, the cartilage is subjected to a fixed displacement at instant t0. It is 

possible to see a large rise of stress in the time-stress graph at instant B. Because 

the fluid cannot immediately leave, it carries a good portion of the load. As the 

fluid leaves the cartilage, the load is shifted to the solid matrix and the stress is 

reduced. 

 
Equilibrium Unloaded Fluid redistribution 

O 
A 

B C D E 

       Fluid efflux and  

solid matrix compaction 

displacement 

A 

B C D 

time 

E 

t0 

O 

Incompressible 

cartilage sample 

time 

stress 

A 

B 
C 

D E 

O 

 
Figure 1.3: Cartilage under compression. 

 

Equilibrium modulus and permeability are two key material properties in 

biphasic theory. Equilibrium modulus is the stiffness of the cartilage as all the 

fluid flows out. In the progression from point O to point A, permeability increases 

and the equilibrium modulus decreases. As the permeability increases, less 
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loading is shared by the fluid phase, increasing thus the stress level on the solid 

phase [3]. 

1.3.4 Soft tissue modelling 

Early finite element formulations corresponding to multiphase systems are found 

in the literature on soils [4-13]. Finite element formulations corresponding to the 

linear poroelastic theory of Biot [4,5] designed to model the response of saturated 

soils [9,10] have also been applied to study the deformational behaviour of the 

intervertebral disk and arterial walls, including large deformations [14,15]. 

Highlights in the historical development of the porous media theory are reviewed 

by Reint de Boer [16]. 

The most successful model of hydrated tissue is the biphasic model of Mow et 

al. published in 1980 [2], called the biphasic theory, or KLM (Kuei, Lai, Mow) 

biphasic theory, based on coupling of interstitial fluid flow and matrix 

deformation. The KLM biphasic theory models soft hydrated tissues, such as 

articular cartilage and the intervertebral disk, as two immiscible, incompressible 

phases. The governing equations of linear biphasic theory are mathematically 

equivalent to those for Biot’s theory of linear quasi-static poroelasticity in the case 

of incompressible constituents. Different kinds of analytical, computational and 

experimental tests on articular cartilage and other hydrated soft tissues have been 

analysed and assessed [17-26]. 

Besides the hybrid-Trefftz method reported in [27-32] and presented in this 

thesis, there have been four methods previously reported for biphasic finite 

elements corresponding to the linear biphasic theory: the penalty formulation of 

Suh et al. [33,34], the mixed-penalty formulation of Spilker and Maxian [35], the 

hybrid formulation of Vermilyea and Spilker [36,37] and the displacement-

pressure formulation of Wayne et al. [38] or the similar velocity-pressure 

formulation of Oomens et al. [39]. 

Penalty and mixed-penalty formulations are based on imposing the continuity 

condition using a penalty parameter. The hybrid formulations are designed to 

satisfy exactly the momentum equation of the mixture by using adequate 
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approximations for the stress and pressure fields. The displacement- and velocity-

pressure formulations of the finite element method, typically developed from the 

virtual work principle, are based on the direct approximation of the displacement 

or velocity fields in the solid matrix and of the pressure field in the fluid phase. 

Their values at the nodes of the element are the finite element unknown variables. 

In the linear, biphasic finite element formulation of hydrated soft tissues 

presented in Ref. [33], the Galerkin weighted residual method is applied to the 

momentum equation and to the mechanical boundary conditions of both the solid 

and fluid phases. The continuity equation for the intrinsically incompressible 

binary mixture is introduced via the penalty method in order to eliminate the 

pressure as an independent variable. The formulation was subsequently extended 

to include the non-linear effect due to strain-dependent permeability [34]. 

The penalty function technique is invoked also in case of the displacement-

pressure finite element formulation [38], by applying the principle of virtual work 

to the biphasic theory. A displacement-pressure nonlinear finite element 

formulation is used in Ref. [40] to study the torsional behaviour of biphasic soft 

tissues, which precludes the need to invoke penalizations, by considering the full 

finite strain response of the solid matrix. 

However, it has been observed that the penalty method is sensitive to 

singularities and to mesh distortion, e.g. Ref. [41]. The mixed-penalty finite 

element formulation differs from the penalty formulation of Spilker and Suh [33] 

in the fact that the penalty form of the continuity equation for the mixture is 

introduced into the weighted residual method and the pressure is thus 

independently approximated [35]. In the mixed-penalty formulation, the solid 

displacement and the fluid velocity and pressure are independently approximated 

in the domain of the element. Donzelli [42-44] used the mixed-penalty triangle to 

implement the contact condition for biphasic materials derived by Hou et al. [45]. 

Spilker et al. [46] discussed the differences between penalty, mixed-penalty and 

hybrid finite formulations for biphasic continua. 
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Applications of the finite element model to the theory of mixtures have also 

been reported. A velocity-displacement formulation of fluid-saturated soil mixture 

was developed by Prevost [47-49], where the solid matrix is assumed to be 

piecewise linear elasto-plastic in order to satisfy a rate-type constitutive equation, 

while in the limit of incompressibility. The formulation is equivalent to a penalty 

method. Formulation of a nonlinear mixture theory in which a rate-type 

constitutive law is assumed for the solid phase defined, in terms of field variables 

corresponding to the pressure and solid velocity/displacement, is developed by 

Oomens et al. [39] and applied to the study of porcine skin. 

The fluid viscosity term of the fluid phase constitutive equation and the interface 

boundary conditions between biphasic, solid and fluid domains have been 

incorporated into a mixed-penalty finite element formulation of the linear biphasic 

theory for hydrated soft tissue, Ref. [50]. 

Alternative mixed-penalty and velocity-pressure finite element formulations are 

used in Ref. [51,52] to solve the nonlinear biphasic governing equations, including 

the effects of strain-dependent permeability and a hyperelastic solid phase under 

finite deformation, while the resulting first-order, nonlinear system of equations is 

discretized in time using and implicit finite difference scheme. 

A nonlinear biphasic displacement-velocity-pressure description is combined 

with advective and diffusive solid transport, uptake and biosynthesis in order to 

formulate a finite element approach designed to integrate the study of mechanical 

and biomechanical factors that control the functional development of hydrated soft 

tissue [53]. It has been subsequently incorporated by Sengers [54] to model the 

development of articular cartilage. More recently, a three-dimensional contact 

mixed finite element formulation has been developed for biological soft tissue-to-

tissue contact analysis [55], using the linear biphasic theory of V. C. Mow. A 

three-dimensional direct poroelastic boundary element method, formulated in the 

Laplace transform domain, is applied to modelling stress relaxation in cartilage 

[56]. The role of computational models in the search for the mechanical behaviour 

and damage mechanisms of articular cartilage is reviewed in Ref. [57]. 
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The tools offered in the commercial finite element software ABAQUS to 

analyse biphasic soft tissues is evaluated in the doctoral thesis of R. Korhonen 

[58], which is supported by four reports on ABAQUS modelling of soft tissues 

[59–62]. The solutions obtained using ABAQUS are compared with those 

obtained with alternative finite element models and with the analytical solutions 

derived by J. Z. Wu and his co-workers [63]. 

 

1.4 Trefftz Finite Element Modelling 

The alternative stress and displacement models of the hybrid-Trefftz finite 

element formulation reported here have been developed to assess their ability to 

overcome the main issues raised in the finite element modelling experience 

summarized above, namely in what concerns stability in the implementation of 

incompressibility, a central issue in soft tissue modelling, sensitivity to mesh 

distortion, a feature that may condition the nonlinear extension of finite element 

modelling, and mesh size dependency on wavelength excitation, which may have 

a direct impact on the levels of performance to be expected in the extension of the 

model to dynamic analysis. 

The Trefftz concept and the alternative techniques that have been used to apply 

the concept in the context of present-day computational mechanics are briefly 

recalled below, as taken from Ref. [1], to stress the aspects that distinguish the 

approach followed here. 

1.4.1 Origin of the concept 

The contributions of E. Trefftz (1888-1937) to applied mathematics [64] reflect 

his attitude of taking a published idea and proving that the opposite concept may 

work better. A typical instance is his challenge to the Ritz method, by suggesting 

the complementary approach of using trial functions that satisfy the differential 

equation (instead of the essential boundary conditions), so weighed as to enforce 

the boundary conditions (instead of the governing differential equation) [65]. 

The relevance of this contribution was questioned at the time, as it recovered a 

popular method to solve one-dimensional boundary-value problems. This may 
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explain why the generalization he was proposing was not acknowledged in the 

ensuing widespread use of the method in mathematical physics [66]. This 

recognition coincided with the advent of computers and the development of the 

alternative finite element and boundary element methods. 

1.4.2 Origin of the concept in computational mechanics 

The E. Trefftz suggestion to use trial functions extracted from the formal solution 

of the initial-boundary value problem is intrinsic to the boundary element method, 

although the basis in the method is usually limited to the (singular) fundamental 

solution set. His additional suggestion of dividing the domain into sub-domains to 

create the compact supports for the (regular) trial functions is the basis of the 

finite element method, as it is the idea of enforcing weakly the boundary 

conditions, used in the hybrid variant of the method. 

This led to the present day recognition of the hybrid-Trefftz variant of the 

conventional formulation (the Ritz variant) of the finite element method, very 

much due to the work of J. Jiroušek on the use of the concept in numerical 

modelling [67] and to the contribution of I. Herrera on the selection and use of 

complete bases [68,69]. 

Boundary solution methods couple the Trefftz concept with different options in 

domain decomposition, selection of bases and boundary condition enforcement 

criteria. It is present in variants of the finite and boundary element methods and in 

emerging meshless and wavelet methods [70]. It is implicit in alternatively coined 

methods, namely in boundary integral, boundary collocation, fundamental solution 

and wave based methods [71-75]. 

The concept is now used to strengthen the finite element method with typical 

features of the boundary element method, while avoiding its major weaknesses, 

such as singularity and loss of symmetry and sparsity. As Trefftz bases embody 

the physics of the problem, substantially higher levels of performance are 

observed in accuracy, stability and convergence. The reviews available [76-82] 

evidence emphasis on elliptic problems, particularly in elastostatics, and a strong 
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influence of the variational approach of J. Jiroušek, which is a Trefftz reduction of 

the work of T. H. H. Pian on hybrid emulation of conventional elements [83,84]. 

1.4.3 Computational fundaments and perceptions of the method 

The earliest applications involving Trefftz-type elements date from 1973, but their 

use was confined to particular parts of the domain, the rest being analyzed with 

conventional finite elements [85,86]. 

The first general purpose Trefftz elements emerged in 1978, when J. Jiroušek 

presented four formulations for solid mechanics problems [87]. Although a 

number of derived formulations were proposed subsequently [88-91], it was the 

original displacement frame formulation that enjoyed the widest attention, due to 

its straightforward implementation by emulation of conventional elements (that is, 

by condensation of the element degrees-of-freedom on nodal boundary 

displacements). 

I. Herrera played a central role in the formalization of the method by introducing 

completeness and convergence criteria and supporting variational statements 

[68,92-94]. He extended his contribution to problems governed by non-symmetric 

differential operators and to the formalization of the use of discontinuous Trefftz 

functions [95]. 

Apart from the formulations proposed by J. Jiroušek, independent lines in terms 

of development and implementation have been suggested, reflecting the 

background of the researchers involved, in a period dominated by the competing 

finite element and boundary element methods. 

Typical of the boundary element approach is the work by Y. K. Cheung, coined 

as a direct Trefftz formulation [96,97] in opposition to the so-called indirect 

approach of J. Jiroušek. The boundary integral equation is derived by enforcing in 

a weak form the governing differential equation, using a complete basis as 

weighting functions, and discretized using the classical boundary element method 

strategy [91,98-100]. 
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On the contrary, the Trefftz formulation adopted here results from a typically 

hybrid finite element approach, initially centred on the study of equilibrium 

elements [101,102]. It consists in deriving the finite element model from first 

principles (variational statements are derived a posteriori, using mathematical 

programming equivalence theory), and in coupling the approximation criteria 

(written in terms of nodeless, generalized variables) with duality theory (the 

vector description of work invariance) to ensure consistency. 

Its gradual evolution [103-105] led to three alternative formulations, namely 

hybrid-mixed, hybrid and hybrid-Trefftz, encoded in two alternative models, 

termed stress and displacement, and designed to produce equilibrated and 

compatible solutions, respectively. These formulations are obtained constraining 

progressively the hierarchical approximation bases, ranging from wavelets to 

Trefftz systems: no constraints are assumed in the hybrid-mixed formulation; the 

hybrid formulation is obtained using either equilibrated or compatible bases; the 

hybrid-Trefftz formulation is set by extending the constraint to all domain 

conditions (initial contributions to the latter variant ignored the use of the Trefftz 

concept [106-109]). 

The computational approach is not based on the standard emulation of the 

displacement element. Instead, and in order to enhance sparsity, adaptivity and 

parallelization features, the algebraic governing systems is stored, handled and 

solved in explicit form. 

1.4.4 Application of the concept in computational mechanics 

The application of Trefftz-like methods to potential problems can be traced back 

to 1964 [110], but the first formal application of Trefftz elements to the Laplace 

equation was reported twenty years later [89]. Most applications are oriented to 

the assessment of the performance of alternative implementation techniques, 

typically extended to include elastostatic problems [91,96,99,111-125]. 

Still in the context of plane elastostatics, a number of development-oriented 

papers report the advantages inherent to the Trefftz method in the modelling of 

singular stress fields associated with notches, cracks and point loads. The common 
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objective is to use local formal solutions to overcome the costly implementation of 

the h- and/or p-refinement techniques that must support the use of conventional 

elements e.g. [88,126-133]. Prior to the formal formulation of hybrid-Trefftz 

elements, P. Tong suggested the use of Trefftz-type elements with built-in 

singularity modes [134,135]. The implementation of these so-called hybrid 

superelements was limited to the vicinity of the stress concentration in a mesh 

otherwise discretized with conventional displacement elements. 

Singularity modelling was extended to plate bending [136-138], a topic that 

received also wide attention in Trefftz development [67,139-149], to overcome the 

difficulties inherent to conventional elements in the numerical implementation of 

the thin plate and, to some extent (locking), thick plate models. Trefftz modelling 

was extended to plate buckling [150,151], but applications to shells are limited 

[152]. 

The development of 3D Trefftz elements [153-160] closed a relatively long 

period of assessment of the performance of the hybrid-Trefftz formulation on 

elliptic problems, during which marginal attention was paid to nonlinear problems 

[161-166]. Despite a recent research revival on high-performance elements [167-

169], emphasis shifted to particular applications, namely in structural sizing and 

shape optimization [170-177], in order to exploit easiness in sensitivity 

computation and insensitivity to gross shape distortion, and in local and gradient-

dependent plasticity [178-181], in the latter case to exploit its ability to account 

for localization. 

Extension into elastic and elastoplastic dynamic analyses in the time domain 

[182-184] was hindered by the fact that the commonly used time integration 

schemes destroy the parabolicity/hyperbolicity of the problem, a vital feature for 

Trefftz modelling of time dependent problems. This led to the subsequent 

development of special-purpose methods that rely on non-periodic spectral 

decomposition techniques [185-187] or on space-time approximations [188]. 

The natural suitability of the Trefftz method to model solutions in the frequency 

domain was recognized early and is reported in the literature on applications 



 17 

ranging from the solution of the Helmholtz equation [98] to applications in 

acoustics and in fluid and solid mechanics [189-207], for both bounded and 

unbounded media. These results motivated the extension of the approach into 

coupled problems, as applied to structural acoustics, to poroelasticity, for saturated 

soils and soft tissues, and, in particular, to piezoelectricity [208-222]. 

Regarding computational enhancement of the implementation of the Trefftz 

method, attention has been paid to mesh design and reliability [223,224], to error 

estimation and p-adaptivity, exploiting the naturally hierarchical nature of Trefftz 

bases [225-233], and to parallel processing, particularly well suited when the finite 

element version is implemented in hybrid, explicit (non-emulating) form [234-

236]. 

International workshops devoted to modern developments and applications of 

Trefftz concepts in computational mechanics have been held regularly. The first 

was held in Cracow in 1996 to coincide with the 70
th

 anniversary of the seminal 

paper by E. Trefftz. The second was held in 1999 in Sintra, Portugal, when it was 

decided to organize these specialized meetings on three-year cycles. This led to 

the meetings held in 2002 in Exeter, United Kingdom, and in 2005 in Žilina, 

Slovakia, and to the meeting to be held in 2008 in Leuven, Belgium. 

 

1.5 Layout of the Thesis 

This thesis is organized in four main parts. First, the parabolic system of equations 

governing the response of incompressible hydrated soft tissues is stated to 

establish the notation and to support the implementation of two alternative time 

integration procedures, namely trapezoidal rules, which are frequently used in soft 

tissue modelling, and a general purpose non-periodic spectral decomposition 

method. This time integration procedure contains as a particular case the Fourier 

approach that supports (periodic or periodically extended) analyses in the 

frequency domain. This part of the thesis is covered in Chapter 2. 

The second part of the thesis is used to show how the resulting elliptic 

description of the response of the incompressible biphasic media can be solved 
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using hybrid-Trefftz elements, as an alternative to the formulations that have been 

developed and reported in literature, in particular the penalty, mixed-penalty, 

mixed and hybrid finite element formulations. The alternative stress and 

displacement models of the hybrid-Trefftz finite element formulation for hydrated 

soft tissues are presented in Chapter 3, where use is made of basic results of 

mathematical programming theory to establish sufficient conditions for 

uniqueness and multiplicity of the finite element solutions. 

The third and fourth parts of the thesis address the formulation and the 

implementation of two-dimensional and axisymmetric problems, respectively. The 

structure of the presentation in Chapters 4 and 5 is basically the same: the Trefftz 

bases are stated, the description of the numerical implementation of hybrid-Trefftz 

displacement and stress elements is presented, and their performance is assessed 

using two sets of numerical tests implemented in the frequency and time domains.  

The tests in the frequency domain are designed to assess the basic aspects of the 

performance of the element, namely its sensitivity to gross distortion of the 

geometry and to quasi-incompressibility conditions set on each phase of the 

mixture. The patterns and rates of convergence that are attained under both p- and 

h-refinement procedures are also assessed, as well as the quality of the estimates 

obtained for the pressure, stress and displacement fields.  

The tests in the time domain are implemented using a non-periodic spectral 

decomposition time integration procedure, which is applied in each test in a single 

time step. Coarse meshes of high-order Trefftz elements are used to recover 

typical creep and stress relaxation processes. The variation in time of velocity, 

pressure and stress components at particular control point is illustrated for each 

test. In addition, time frames of the response are presented to illustrate the quality 

of the solutions obtained for the pressure and stress fields in the specimen and for 

the displacement in its solid and fluid phases separately.  

The presentation closes with a brief assessment of the results and the extension 

of the research on hybrid-Trefftz modelling of the response of hydrated tissues. 
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CHAPTER 2 

BASIC EQUATIONS 

 

 

2.1 Introduction 

The fundamental role of the present chapter is to establish the notation and the 

terminology followed here, and to state the equations used to model the response 

of soft tissue specimens. 

After clarifying basic aspects of notation terminology, the parabolic problem 

that encodes the model proposed by Mow et al. [2] for incompressible biphasic 

media is presented by distinguishing clearly the role played by each equation. 

The time dimension of this model is then discretized, to replace the governing 

parabolic problem by an equivalent elliptic form. This discretization is supported 

by three alternative time integration procedures. In order to simplify their 

presentation and to clarify their relations, these time integration procedures are 

introduced using a simple (linear and scalar) first-order problem. 

The first time integration procedure that is recalled is the trapezoidal rule of 

integration, which is frequently used in the finite element modelling of the 

response of hydrated soft tissues, as illustrated by the work reported by R.L. 

Spilker and his co-workers, e.g. [36]. 

The second time integration procedure recalled here is equally well-established. 

It is the Fourier spectral decomposition method for the solution of periodic (or 

periodically extended) problems. 

However, neither of these two alternative approaches is used in the numerical 

assessment tests reported in this thesis. A higher-order time integration procedure 



 20 

is used instead, to enhance the application of the Trefftz concept [185] in the 

context of the finite element method. 

This procedure corresponds, in essence, to a non-periodic decomposition in a 

spectrum of forcing frequencies generated numerically, and extends the Fourier 

spectral decomposition method to the solution of problems non-periodic in time. 

After presenting the basic aspects of this alternative time integration procedure 

using the same scalar, first-order supporting problem, the technique is extended to 

discretize the time dimension of the parabolic problem governing the response of 

soft tissue specimens, and establish thus the equivalent elliptic description. 

The chapter closes with the summary of two sets of information that play a 

central role in the development of the Trefftz variant of the hybrid finite element 

formulation used here and in the qualification of the solutions it produces. 

The first is the statement of the governing system of differential equations, as its 

formal solution is used to establish later the Trefftz bases adopted in the 

discretization of the space dimension of the problem. 

The second is the definition of the energy forms that are used, also later in the 

text, to establish sufficient conditions for the existence, uniqueness and 

multiplicity of the solutions produced by this variant of the finite element method.  

 

2.2 Notation and Terminology 

Matrix notation is used throughout this text. Moreover, for later convenience, it is 

assumed that all fields and operators necessary to describe the response of the 

mixture, say � , may be defined in the complex space. Thus, in the notation used 

here, 
*

�  defines the transpose of the complex conjugate of operator � : 

 ( )* ˆ
T

=� �  (3) 

It is assumed here that the mechanical behaviour of a soft tissue specimen is 

described by the coupled response of a solid matrix embedded in a fluid. The 
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ratios of the solid and fluid fractions of the mixture are defined by parameters 
s

φ  

and 
f

φ , respectively, with: 

 1
s f

φ φ+ =  (4) 

The variables used to describe the response of the mixture are grouped according 

to their fundamental role. They are termed either static or kinematic depending on 

whether they are directly associated with the description of the equilibrium or 

compatibility conditions that constrain the response of the mixture. 

The concept of duality is also used consistently throughout the presentation. It is 

recalled that the relations defined over domain V , 

 in V=x p�  (5) 

 
*

in Vy = q�  (6) 

are dual transformations and that the pairs of (typically static and kinematic) 

variables ( , )x y  and ( , )p q  are termed dual variables. Thus, if the equations 

above define equilibrium and compatibility conditions, their inner product 

recovers the virtual work equation, often used in the development of finite element 

formulations: 

 
* *

dV dV∫ ∫y x = q p  (7) 

In the notation used here, the independent components of the (dual) tensors 

defining the state of stress and strain in the solid are collected in vectors 
s

σσσσ  and 

s
εεεε , respectively. The pressure and the volumetric change of the mixture are 

defined by (dual) scalars p  and γ , respectively. In addition, vectors 
s

u  and 
f

u  

list the components of the displacement fields in the solid and fluid phases of the 

mixture, respectively, and 
s

b  and 
f

b  define the corresponding (or dual) body 

force terms. 
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2.3 Governing Parabolic Problem 

The domain and the boundary conditions used to model the linear response of 

incompressible biphasic mixtures are presented here in a general format. In order 

to clarify the notation being used, the relevant variables and operators are 

subsequently specialized to the two-dimensional and axisymmetric applications 

that are selected to validate the finite element formulation reported here. 

It is assumed that the domain under analysis has been discretized and that 

s f
V V V= +  denotes the domain of a typical element, with solid and fluid fraction 

ratios /
s s

V V=φ  and /
f f

V V=φ , respectively. It is assumed, also, that the response 

of the medium is referred to space and time frames x and t, respectively. 

 

Figure 2.1: Finite element domain and boundaries. 

 

Five distinct regions are identified on the boundary of the element, Γ, namely the 

inter-element boundary, Γi, the edges (or surfaces) where forces or displacement 

are prescribed on the solid, Γt and Γu, respectively, and the edges where the 

pressure or the outward displacement is prescribed on the fluid, Γp and Γw, 

respectively, as illustrated in Figure 2.1. 

They are identified in the two-element discretization of the unconfined 

compression test illustrated in Figure 2.1. The reaction plate is modelled as rigid 

and adhesive. 

s s f

n t n
u u u 0= = =  

s s

n t
p t ; 0σ σ= = =  

e
V  

x  

y

s
s

n
t

p
0

σ
σ

=
=

=

s
s

n
t

p
0

σ
σ

=
=

=

u w
Γ Γ∪  

e
V  

t p
Γ Γ∪  

t
p

Γ
Γ

∪

i
Γ



 23 

2.3.1 Domain conditions 

Under the notation defined above, the domain equilibrium and compatibility 

conditions of the problem can be stated as follows, 

 
s s s fs

f f f s

in V
p

−      
=       −      

b u u
+

b u u

� �

� �

φ
ζ

φ

∇∇∇∇ σσσσ

Ο ∇Ο ∇Ο ∇Ο ∇

�
 (8) 

 

*

* *0

ss

fs f

in V
    

=    
=    

u

uφ φγ

ΟΟΟΟεεεε

∇ ∇∇ ∇∇ ∇∇ ∇

�
 (9) 

where the differential operators, namely the divergence matrix �  and the 

gradient vector ∇∇∇∇  and their conjugates, 
*

�  and 
*∇∇∇∇ , are assumed to be linear. 

In the equilibrium condition (8), u�  defines the time derivative of array u  and ζ 

is the diffusive drag coefficient. Incompressibility of the mixture is explicitly 

stated in the domain compatibility condition (9), which can be expressed 

alternatively in terms of velocity components. 

Consequent upon incompressibility, the (linear, elastic) constitutive relation is 

constrained to the solid phase and written in either stiffness or flexibility formats, 

 
s s

in V= kσ εσ εσ εσ ε  (10) 

 
s s

in V= fε σε σε σε σ  (11) 

where k  and f  are the (symmetric) local stiffness and flexibility matrices, 

respectively. The relations above can be extended to include velocity-dependent 

terms. 

The set of domain conditions is completed by the initial conditions, which are 

stated as follows for the solid ( )sα =  and fluid ( )fα =  phases of the mixture: 

 ( )0 at t 0α α= =u u  (12) 
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2.3.2 Boundary conditions 

In the Neumann conditions (13) and (14), t  is the prescribed surface force vector, 

p  is the pressure prescribed on the fluid phases and matrix N  collects the 

adequate components of the unit outward normal vector, n : 

 
s s t

p on+ =N n tφ Γσσσσ  (13) 

 
f p

p p on=φ Γ  (14) 

In the Dirichlet conditions (15) and (16), vector u  defines the displacements 

prescribed on the solid matrix and w  is the outward normal component of the 

displacement prescribed on the fluid: 

 
s u

on=u u Γ  (15) 

 
T

f w
w on=n u Γ  (16) 

The prescribed terms in the equations above are replaced by the force, pressure 

and displacement developing on a connecting element when conditions (13) to 

(16) are written on the interelement boundary, Γe.  

As it is shown below, this boundary is interpreted differently in the alternative 

stress and displacement models of the hybrid-Trefftz finite element formulation: it 

is treated as a Dirichlet boundary in the formulation of a stress element and as 

Neumann boundary in the formulation of the alternative displacement element. 

2.3.3 Two-dimensional and axisymmetric problems 

In order to clarify the notation used here, it is convenient to define explicitly the 

components of stress, strain and displacement vectors for two-dimensional 

applications, as referred to a Cartesian system ( , )x y=x : 

 { , , }T

s xx yy xy
σ σ σ=σ   

 { , , }T s s s

s xx yy xy
=ε ε ε γ   

 { , }T

x y
u u=u   
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This yields the following identification for the divergence matrix, for the 

gradient vector and for the arrays that collect the corresponding components of the 

unit outward normal vector, as present in the domain and boundary equilibrium 

conditions (8) and (13): 

 
0 0

0 0

x y x y

y x y x

n n
with

n n

∂ ∂   
= =   ∂ ∂   

N�   

 
x x

y y

n
with

n

∂   
= =   

∂   
n∇∇∇∇   

The conjugate differential operators, present in the compatibility condition (9), 

are defined by their transposed forms: 

 
*

0

0

x

y

y x

 ∂
 

= ∂ 
 ∂ ∂ 

�   

 { }*

x y
= ∂ ∂∇∇∇∇   

It can be readily verifies that the corresponding expressions for axisymmetric 

problems are the following when referred to a cylindrical system of coordinates 

( , , )r z=x θ : 

 { , , , }T

s rr zz rzθθσ σ σ σ=σ   

 { , , , }T s s s s

s rr zz rz
=ε θθε ε ε γ   

 { , }T

r z
u u=u   

 

1 1

1

0

0 0

r z

z r

r r

r

− −

−

 + ∂ − ∂
=  

∂ + ∂ 
�   

 
r

z

∂ 
=  

∂ 
∇∇∇∇   
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1

*

0

0

0

r

z

z r

r −

∂ 
 
 =
 ∂
 
∂ ∂ 

�   

 { }* 1

r z
r

−= + ∂ ∂∇∇∇∇   

 

2.4 Time Integration 

Different procedures can be used to discretize the time dimension of system (8)-

(16), e.g. ref. [237]. Three time integration methods are presented in the context of 

linear problems, namely the trapezoidal time integration rule [238] and the 

periodic and non-periodic spectral decomposition methods [185]. 

Trapezoidal rule analyses are often used in the modelling of the response of soft 

tissues. The periodic spectral decomposition method is used here to assess basic 

properties of the finite element models developed in this work, namely their 

sensitivity to mesh distortion and the sensitivity of the mesh to the wavelength of 

the excitation. The non-periodic spectral decomposition method is used to 

implement the time-domain benchmark tests defined in the literature of soft tissue 

finite element modelling. 

The time integration procedures are recalled below for the following scalar, 

linear problem,  

 ( ) ( ) ( )c v t k u t f t+ =  (17) 

 
0

( )u 0 u=  (18) 

where ( )u t  and ( ) ( )v t u t= �  are the displacement and velocity fields, respectively, 

and 
0

u  the displacement at the initial instant of the time interval under analysis, 

0 t t∆< ≤ . 
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2.4.1 Trapezoidal rule analysis 

Trapezoidal rules are defined in the general form, 

 
0 0 0

u u t v t vα ∆ α ∆= + +  (19) 

where 
0

u  and 
0

v  represent the value of the variable and its time derivative at 

instant t 0=  (start of time step), and u  and v  the values they take at t t= ∆  (end 

of time step). The time integration parameters α  and oα  are so chosen as to 

ensure basic conditions of stability, e.g. Ref. [237]. 

Substituting the trapezoidal rule (19) in equation (17), written at instant t∆ , 

leads to a velocity-based algebraic equation, 

 ( )c t k v f f+ = −α ∆  (20) 

where the fictitious forcing load f  embodies the effect of the initial conditions of 

the problem: 

 
0 0 0

( )f k u t v= +α ∆  (21) 

Simplicity in implementation is the major strength of this method of time 

integration, as it consists in discretizing the time interval under analysis in 

(necessarily small) time steps, t∆ , and solving equation (20) for the initial 

conditions embodied in definition (21). The displacement estimate at the end of 

the time increment is recovered enforcing equation (19). 

In order to support the qualitative comparisons that are called upon later in the 

text, it is convenient to express the solving equation (20) in terms of 

displacements, 

 
c

k u f f
t

 
+ = − 

 α ∆
 (22) 

by replacing equations (19) and (21) by the following expressions: 

 ( )
1
( )

o o o
v t u u t v

−
= − −α ∆ α ∆  (23) 
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 ( )
1

0 0 0
( )f c t u t v

−
= − +α ∆ α ∆  (24) 

2.4.2 Periodic spectral analysis 

When the problem is assumed to be periodic, with period t∆ , or is extended 

periodically in that time interval, the usual practice is to expand each variable in a 

(truncated) Fourier series, as stated below for the displacement and velocity fields, 

 ( ) n

N
i t

n

n=0

u t u e
ω=∑  (25) 

 ( ) n

N
i t

n

n=0

v t v e
ω=∑  (26) 

where i  is the imaginary unit, 2 /
n

n tω π ∆=  is the so-called forcing frequency, 

and 
n

u  and 
n

v  are the amplitudes of the n
th

 Fourier displacement and velocity 

modes, to yield: 

 
n n n

v i uω=  (27) 

Under approximations (25) and (26), different techniques can be used to replace 

the scalar first-order problem (17) by a sequence of uncoupled algebraic 

equations, 

 ( )
n n n

k i c u fω+ =  (28) 

where coefficients 
n

f  are determined by the Fourier approximation of the forcing 

load: 

 
∆ t

1

0

ni t

n
f t f e dt

ω∆ −−= ∫  (29) 

The implementation of spectral analyses is rather straightforward, as it reduces 

to select a (discrete) sample of forcing frequencies, and to solve the corresponding 

set of algebraic problems defined by equations (28) and (29). The solution over 

the (in general, large) time interval is recovered by equations (25) and (26), 

corrected to include the initial condition (18) of the problem, and using the Fast 

Fourier Transform (FFT) technique. 
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2.4.3 Non-periodic spectral analysis 

Comparison of results (22) and (28) shows that the trapezoidal rule corresponds 

(qualitatively) to the implementation of the Fourier approximation under a single 

forcing frequency, 

 
1( )i t

−=ω α ∆  (30) 

and a spectral forcing load so corrected as to include the effect of the initial 

condition of the problem. 

This single-mode approximation in time is, in essence, the assumption that 

limits the application of trapezoidal rules to small increments in time. As it is 

shown later, this option constraints unnecessarily the implementation of the 

Trefftz concept in the solution of parabolic problems. Its implementation in the 

solution of time domain problems is equally hindered by the periodicity 

assumption inherent to the Fourier spectral decomposition technique. 

A large step, non-periodic time integration technique has been developed [185] 

to circumvent these limitations in the context of Trefftz finite element modelling. 

From a finite element stand-point, it consists simply in approximating 

independently the displacement and velocity fields using the same time 

approximation basis, and enforcing on average (in the sense of Galerkin) the basic 

conditions of the problem. 

Thus, in this finite element approach the displacement and velocity fields are 

approximated in form, 

 ( ) ( )
N

n n

n 0

u t T t u
=

=∑  (31) 

 ( ) ( )
N

n n

n 0

v t T t v
=

=∑  (32) 

where ( )
n

T t  represents the (eventually complex) time approximation basis. This 

basis is assumed to be naturally hierarchical, to enhance the implementation of 

adaptive refinement procedures in the time dimension of the problem. 
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For the sake of generality, this time basis may not be nodal, in the sense that 

weights 
n

u  and 
n

v  represent generalised displacements and velocities, 

respectively, and not the displacement and the velocity at a particular instants 

n
t t= . In addition, approximation (31) is not constrained to satisfy a priori the 

initial condition (18) of the problem: 

 
0

( )
N

n n

n 0

u T 0 u
=

≠∑  (33) 

Consistency 

In order to avoid constraining unnecessarily the definition of the time basis, the 

velocity definition is enforced on average, in the sense of Galerkin,  

 
∆t

0

ˆ ( )
m

T v u dt 0− =∫ �  (34) 

where ˆ
m

T  represents the complex conjugate of time function ( )
m

T t .  

It is shown in Ref. [185] that this relaxation is consistent with a non-dissipative 

approximation, in the sense that the (mean-value) condition (35) holds for the 

assumed displacement and velocity fields, in form (36), independently of the 

selected time interval t∆  and of the initial condition ( )u 0 : 

 
∆t

0
( ) ( )v dt u t u 0∆= −∫  (35) 

 ( ) (0)
N N

n n n n

n 0 n 0

v T t u uγ ∆
= =

= −∑ ∑  (36) 

 
∆t

1

0

ˆ
n n

t T dtγ ∆ −= ∫  (37) 

Equation (34) is integrated by parts to enforce the initial condition (18) of the 

problem, 

 
∆t ∆t

0 00

ˆˆ ˆ
t

m m m
T v dt T u T u dt

∆
 = − ∫ ∫ �  (38) 

 
∆t ∆t

0 0

ˆˆ ˆ ˆ( ) ( ) ( ) ( )
m m m m

T v dt T t u t T 0 u 0 T u dt∆ ∆= − −∫ ∫ �  (39) 
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and yields thus the following system of algebraic equations, 

 ˆ ( ) ( )
N N

mn n mn n n

n 0 n 0

t H v G u T 0 u 0
= =

= −∑ ∑∆  (40) 

where the following definitions hold, as a result of enforcing approximations 

(31) and (32): 

 
∆t

1

0

ˆ
mn m n

H t T T dt∆ −= ∫  (41) 

 
∆t

0

ˆˆ ( ) ( )
mn m n m n

G T t T t T T dt∆ ∆= − ∫ �  (42) 

Result (40), which is rather general, can be used to express the generalized 

velocities in terms of the generalized displacements and of the initial condition of 

the problem, as the Hermitian matrix H , defined by equation (41), is positive-

definite for linearly independent time approximation bases. 

However, the coupled nature of system (40) limits strongly the performance of 

the proposed finite element time integration technique in terms of numerical 

implementation, as it implies that each generalized velocity term may 

simultaneously depend on all generalized displacement terms. 

Uncoupling 

In order to recover the uncoupled relation (27) that typifies the periodic spectral 

decomposition technique, it suffices to so construct the time approximation basis, 

( )
n

T t , as to ensure that matrices H  and G , defined by equations (41) and (42), 

respectively, satisfy the following relation, 

 =G HΩ  (43) 

under the condition that matrix Ω  is diagonal: 

 
0 1

[ ]
N

diag Ω Ω Ω=Ω �  (44) 

Enforcement of condition (43) in the consistency condition (40) on the 

displacement and velocity approximations (31) and (32) yields the following 

uncoupled relation, 
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 ( )
n n n n

v i u i u 0ω ω= −  (45) 

where the equivalent Fourier frequency is defined by, 

 
1( )

n n
i tω ∆ Ω−=  (46) 

and the forcing frequency associated with the initial condition is, 

 1 1 ˆ( ) ( )
N

n nm m

m 0

i t H T 0ω ∆ − −

=

= ∑  (47) 

where 
1

mn
H

−
 represents the general coefficient of the inverse of matrix H . 

The procedure used to implement time approximation bases that satisfy the 

uncoupling condition (43) is summarized in appendix A. It is noted that this 

procedure is general, in the sense that it implies no condition on the time 

approximation basis, except for linear independence, and simple to implement, as 

it involves the solution of trivial eigenvalue problems, with the dimension of the 

time approximation basis. 

Solution 

As for the velocity definition, the equation (17) governing the first-order problem 

is also enforced in a weak, Galerkin form: 

 
∆t

0

ˆ ( )
m

T c v k u f dt 0+ − =∫  (48) 

The following system of uncoupled algebraic equations, 

 ( ) ( )
n n n n

k i c u f i c u 0ω ω+ = +  (49) 

is obtained enforcing approximations (31) and (32), under condition (45) and 

using definition (41), to yield the following expressions for the forcing load term: 

 1
N

n nm m

m 0

f H F
−

=

=∑  (50) 

 
∆t

1

0

ˆ
m m

F t T f dt∆ −= ∫  (51) 

The solution procedure is basically the same as that used in periodic spectral 

analyses. The discrete sample of forcing frequencies is now generated by 
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condition (43), under identification (46), and the solution of equations (49) 

requires now the determination of the forcing frequency associated with the initial 

condition, as defined by equation (47), besides the spectral decomposition of the 

forcing load, defined now by equations condition (50) and (51). The displacement 

and velocity estimates at any instant of the (in general, large) time interval are 

defined by equations (31) and (32), under condition (45). 

Relation with Fourier decomposition 

It can be readily verified that the procedure summarized above contains the 

periodic spectral decomposition method that motivated its development. 

In fact, when a trigonometric, periodic time approximation basis is used, 

 ( ) ni t

n
T t e

ω=  (52) 

and periodicity is enforced, ( ) ( )u t u 0∆ =  and ( ) ( )
n n

T t T 0∆ = , the consistency 

condition (39) simplifies to form: 

 
∆t ∆t

0 0

ˆˆ
m m

T v dt T u dt= −∫ ∫ �  (53) 

The Fourier decomposition relation (27) is recovered enforcing approximations 

(31) and (32) in the equation above, under provision (52), as the Fourier basis is 

orthogonal and orthogonal to its derivatives, 

 
∆t

1

0

ˆ
mn m n mn

H t T T dt∆ δ−= =∫  (54) 

 
∆t

0

ˆ
mn m n m mn

G T T dt i t∆ ω δ= − =∫ �  (55) 

where 
mn

δ  is the Kronecker symbol, thus recovering directly result (43) under 

notation (46).  

Consequent upon the orthonormality condition (54), equation (48) collapses into 

form (28) and definitions (50) and (51) recover result (29). 
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General assessment 

The approach adopted in the non-periodic extension of the spectral decomposition 

technique can be classified as a mixed finite element formulation, as two fields, 

namely the displacement and the velocity fields, are independently assumed in the 

time domain under approximation, 0 t t∆< ≤ . 

It is shown in Ref. [185] that this time integration procedure is unconditionally 

stable and that it yields high rates of convergence to the displacement and velocity 

estimates at the end of the time interval, t t= ∆ . This feature is essential to ensure 

adequate levels of performance when implemented in incremental form, as it is 

typically the case in the solution of nonlinear problems. 

These properties are illustrated in the same reference for alternative time 

approximation bases, namely polynomial, radial and Haar bases, the simplest 

wavelet system. The assessment of the performance of this time integration 

method when implemented on the Daubechie’s system of wavelets defined on the 

interval, Ref. [239,240], can be found in Ref. [241]. 

This wavelet basis is the basis used in the implementation of the numerical tests 

reported here, as it is particularly well-suited to solve the linear parabolic problem 

defined in the previous section. The benchmark tests proposed in the literature on 

soft tissue modelling are implemented here in a single time step using this high-

order wavelet basis. 

 

2.5 Equivalent Elliptic Problem 

The non-periodic spectral decomposition method described in the previous section 

is here applied to discretize in time the system of equations (8)-(16) that model the 

response of hydrated soft tissues, and replace thus the governing parabolic by an 

equivalent elliptic problem. The section closes with the identification of the 

formulation of this problem for the alternative time integration techniques briefly 

described above. 
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2.5.1 Approximations in time 

As it is shown in Ref. [185] for single-phase media, to extend the time integration 

procedure described above to parabolic problems it suffices to extend 

approximations (31) and (32) to each component of the displacement and velocity 

fields developing in the solid and fluid phases of the mixture, 

 ( , ) ( ) ( ) ,
N

n n

n 0

t T t with s fα α α
=

= =∑u x u x  (56) 

 ( , ) ( ) ( ) ,
N

n n

n 0

t T t with s fα α α
=

= =∑v x v x  (57) 

and, also, to the remaining variables of the problem, namely the stress, strain and 

volumetric change fields: 

 ( , ) ( ) ( )
N

s n sn

n 0

t T t
=

=∑σ x σ x  (58) 

 ( , ) ( ) ( )
N

s n sn

n 0

t T t
=

=∑ε x ε x  (59) 

 ( , ) ( ) ( )
N

n n

n 0

t T tγ γ
=

=∑x x  (60) 

It can be easily verified that, under the uncoupling condition (43) and definitions 

(46) and (47), result (45) still holds, now in form, 

 ( ) ,
n n n n

i i 0 with s fα α αω ω α= − =v u u  (61) 

when the average enforcement (34) of the velocity definition is extended to each 

component of the displacement and velocity fields in the solid and fluid phases of 

the mixture. 

2.5.2 Domain conditions 

The initial condition (12) is removed from the set of the domain conditions of the 

problem discretized in time, as its effect is accounted for in definition (61). 

The elliptic description of the remaining domain conditions of the problem, 

namely the equilibrium and compatibility equations (8) and (9), respectively, and 
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the alternative descriptions (10) and (11) of the constitutive relations, is obtained 

in a manner in every aspect similar to the procedure described above to replace the 

first-order equation (17) by the equivalent set of uncoupled algebraic equations 

(49). 

Thus, each equation in systems (8) to (11) is enforced on average, in the 

Galerkin form equivalent to equation (48), and each approximation (56) to (60) is 

implemented, under condition (61), to yield the following expressions, 

 
s s fss

n

f f sfn nn

i in V
p

− +      
=       −−      

u ub b
+

u ub b

φ
ω ζ

φ

∇∇∇∇ σσσσ

Ο ∇Ο ∇Ο ∇Ο ∇

�
 (62) 

 

*

* *

ss

fs fn n

in V
0

    
=    

=    

u

uφ φγ

ΟΟΟΟεεεε

∇ ∇∇ ∇∇ ∇∇ ∇

�
 (63) 

 
sn sn

in V= kσ εσ εσ εσ ε  (64) 

 
sn sn

in V= fε σε σε σε σ  (65) 

where the following notation is used for the decomposition of the body force 

terms, 

 
∆t

1 1

0

ˆ( ) ,
N

n nm m

m 0

H t T dt with s fα α∆ α− −

=

= =∑ ∫b x b  (66) 

and for the fictitious body force associated with the initial condition (12) of the 

problem: 

 ( ) [ ( ) ( )]
n n s f

i 0 0ω ζ= −b x u u  (67) 

2.5.3 Boundary conditions 

The application of the same procedure to the Neumann and Dirichlet boundary 

conditions (13) to (16) yields the following time independent relations: 

 

 
sn s n n t

p on+ =N n tφ Γσσσσ  (68) 

 
f n n p

p p on=φ Γ  (69) 
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sn n u

on=u u Γ  (70) 

 
T

fn n w
w on=n u Γ  (71) 

The spectral decomposition for the prescribed boundary terms is the following: 

 
∆t

1 1

0

ˆ( )
N

n nm m

m 0

H t T dt∆− −

=

=∑ ∫t x t  (72) 

 
∆t

1 1

0

ˆ( )
N

n nm m

m 0

p H t T p dt∆− −

=

=∑ ∫x  (73) 

 
∆t

1 1

0

ˆ( )
N

n nm m

m 0

H t T dt∆− −

=

=∑ ∫u x u  (74) 

 
∆t

1 1

0

ˆ( )
N

n nm m

m 0

w H t T wdt∆− −

=

=∑ ∫x  (75) 

It is noted that expressions (70) and (71) are replaced by the following, 

 ( )
n sn n n s u

i i 0 on= +u u u�ω ω Γ  (76) 

 ( )T T

n fn n n f w
i w i 0 on= +n u n u�ω ω Γ  (77) 

where, 

 
∆t

1 1

0

ˆ( )
N

n nm m

m 0

H t T dt∆− −

=

=∑ ∫u x u� �  (78) 

 
∆t

1 1

0

ˆ( )
N

n nm m

m 0

w H t T wdt∆− −

=

=∑ ∫x� �  (79) 

if the Dirichlet conditions (15) and (16) are expressed in terms of the velocity 

field: 

 
s u

on=u u� � Γ  (80) 

 
T

f w
w on=n u� � Γ  (81) 
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2.5.4 Periodic spectral analysis 

It can be readily verified that domain conditions (62) to (65) and the boundary 

conditions (68) to (71) hold for a periodic spectral decomposition (52), provided 

that the fictitious body force term associated with the initial conditions of the 

problem is set to zero, 

 ( )
n

=b x 0  (82) 

and definitions (72) to (75) for the prescribed boundary terms are replaced by the 

following: 

 
∆t

1

0
( ) ni t

n
t e dt

ω∆ −= ∫t x t  (83) 

 
∆t

1

0
( ) ni t

n
p t e p dt

ω∆ −= ∫x  (84) 

 
∆t

1

0
( ) ni t

n
t e dt

ω∆ −= ∫u x u  (85) 

 
∆t

1

0
( ) ni t

n
w t e wdt

ω∆ −= ∫x  (86) 

Moreover, equations (70) and (71) remain unchanged when the alternative, 

velocity description defined by equations (80) and (81) is used to implement the 

Dirichlet boundary conditions. 

2.5.5 Trapezoidal rule analysis 

Equations (62) to (65) can still be used to describe the domain conditions of the 

problem discretized in time using trapezoidal rules of the form (23), under the 

(single, equivalent) forcing frequency (30), provided that the subscript identifying 

the order of approximation, n, is removed and the fictitious body force term is 

defined as follows: 

 
0

{ ( ) ( ) [ ( ) ( )]}
s f s f

i 0 0 t 0 0= − + −b u u v vωζ α ∆  (87) 

The Neumann and Dirichlet boundary conditions (13) to (16) written at instant 

t t∆=  replace equations (68) to (75), while equations (76) and (77) are replaced 
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by the following for the equivalent single-frequency interpretation of this time 

integration procedure: 

 
0

[ ( ) ( ) ]
s s s u

i i 0 t 0 on= + +u u u v�ω ω α ∆ Γ  (88) 

 
0

[ ( ) ( ) ]T T

f f f w
i w i 0 t 0 on= + +n u n u v�ω ω α ∆ Γ  (89) 

 

2.6 Governing Differential Equation 

Combination of the domain equilibrium, compatibility and elasticity conditions 

(62), (63) and (64), respectively, leads to the mixed (Navier-Beltrami) system of 

differential equations, where subscript n is removed to lighten the notation: 

 

* *

*

( ) ( ) ( ) ( )

( ) ( )

( )

2 2 2

p s s s f s f s f

2 1

f f s f f

s s f f

k k i k

p i k

0

− − −

−

 + + − = − +


= − − −
 + =

u u u u b b

u u b b

u u

� � φ

φ φ

φ φ

∇ ∇ ∇ ∇∇ ∇ ∇ ∇∇ ∇ ∇ ∇∇ ∇ ∇ ∇

∇∇∇∇

∇∇∇∇

 (90) 

In the system above, �∇∇∇∇  is the anti-gradient vector and 
*�∇∇∇∇  represents its 

conjugate: 
* *( ) ( ) 0= =� �� �∇ ∇ ∇ ∇∇ ∇ ∇ ∇∇ ∇ ∇ ∇∇ ∇ ∇ ∇ . They are defined in Chapters 4 and 5 for two-

dimensional and axisymmetric problems, respectively, where the P- and S-wave-

numbers 
p

k  and 
s

k  are defined in terms of parameter 
2 2

f
k

−= ζ ωφ . 

The homogeneous form of system (90), 
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*

( ) ( ) ( )

( )

( )

2 2

p s s s f s f

2

f f s

s s f f

k k

p i k

0

− − + + − =


= −
 + =

u u u u 0

u u

u u

� � φ

φ

φ φ

∇ ∇ ∇ ∇∇ ∇ ∇ ∇∇ ∇ ∇ ∇∇ ∇ ∇ ∇

∇∇∇∇

∇∇∇∇

 (91) 

plays a central role in the development of the Trefftz variant of the hybrid finite 

element formulation used here. Indeed, the Trefftz constraint limits the selection 

of the approximation basis to the solution set of system (91). 

It can be shown, e.g. Ref. [242], that system (91) has three sets of solutions, 

namely constant pressure modes, 

 , , 2

s f s
p and with 0= = ∇ =u u uϕ ϕ∇ = 0 ∇∇ = 0 ∇∇ = 0 ∇∇ = 0 ∇  (92) 
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harmonic pressure modes, 

 , , ( )2 1 2 2 2

s f s f s
p and i k with i k k

− − −= = − ∇ = −u u u� � �ϕ ψ φ ϕ ψ ϕ= ∇ ∇ ∇ ∇= ∇ ∇ ∇ ∇= ∇ ∇ ∇ ∇= ∇ ∇ ∇ ∇  (93) 

and Helmholtz pressure modes, 

 , ,2 1 2 2

s f s f s p
p i k and with k 0

− −= = = − ∇ + =u u uφ φ φ φ φ φ∇∇∇∇  (94) 

where 
*( ) ( )2∇ =� �∇ ∇∇ ∇∇ ∇∇ ∇  is the Laplacian and 

*( ) ( )2∇ =� � �� �∇ ∇∇ ∇∇ ∇∇ ∇  its conjugate. 

The potential functions present in the general expressions defined above, and the 

associated pressure, stress, strain and displacement fields are defined in Chapters 4 

and 5 for two-dimensional and axisymmetric problems, respectively.  

 

2.7 Energy Forms 

The alternative displacement and stress models of the hybrid-Trefftz finite 

element formulation that are used here to model the response of soft tissue 

specimens are derived from first-principles, that is, from the basic conditions of 

equilibrium, defined by equations (62), (68) and (69), and compatibility, defined 

by equations (63), (70) and (71), for the assumed constitutive relations, described 

alternatively by equations (64) and (65). 

It convenient, therefore, to relate the formulation thus derived with the 

conditions it is enforcing in terms of the energy forms of the system. Moreover, 

these energy forms are used also later in the text to establish sufficient conditions 

for the existence, uniqueness and multiplicity of the solutions produced by the 

alternatives stress and displacement models of the hybrid-Trefftz finite element 

formulation. 

In order to support that study, it is convenient to recall here the definitions of the 

mechanical energy and for the potential energy and complementary potential 

energy: 

 
*

2 2 0= + − − =� � � � �  (95) 

 = + −� � � �  (96) 
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* *
= + −� � � �  (97) 

In the present context of equivalent spectral decomposition, and under the 

incompressibility condition, 0=γ , in the equations above �  and �  are the strain 

and damping components of the energy and 
*

�  and �  define the external work 

associated with prescribed displacements and forces, respectively: 

 ( )* *1
2 s s

p dVγ= +∫ ε σε σε σε σ�   

 
*( ) ( )1

2 s f s f
i dVω ζ= − −∫ u u u u�   

 
* *

* u f w
d w p dΓ φ Γ= +∫ ∫u t�   

 
*( ) ( )* * * *

s f s s f f s t f p
dV dV d p dΓ Γ= − + + + +∫ ∫ ∫ ∫u u b u b u b u t u n�   

where subscript n, identifying the order of the approximation in time, is still 

omitted to lighten the notation. 

 

2.8 Closure 

The basic conditions on equilibrium and compatibility and the elasticity relations 

that govern the response of hydrated soft tissues are recalled here, together with 

the supporting initial and boundary conditions. 

It is common to separate in time and space the variables involved in the 

description of the resulting parabolic problem. When this option is followed, as in 

the present case, the issue may arise on the sequence that should be followed in 

the approximation of the time and space dimensions of the problem. 

This sequence is irrelevant when the approximation bases used in space and in 

time are chosen to be problem-independent, in the sense that they are not 

constrained to satisfy locally any of the domain conditions of the problem. This is 

typically the case of the conventional finite element applications that have been 

reported in the context of hydrated soft tissue modelling. They can be 

implemented for any of the time discretization methods proposed in the literature. 



 42 

However, when the Trefftz method for the solution of boundary value problems 

is to be used, as in the present case, it is necessary to discretize first the time 

dimension of problems governed by systems of parabolic (or hyperbolic) 

equations. This is the option followed here, using a non-periodic spectral 

decomposition method that enhances the implementation of the Trefftz concept, 

by coupling it with time integration procedure that can be implemented on large 

time increments, by using a high-order time approximation basis. 

Although the central role of this chapter is to establish the notation and the 

terminology followed here, and to state the equations that govern the response of 

hydrated soft tissues, this chapter is also used to establish the conditions that must 

be satisfied by the Trefftz bases that support the finite element approximation of 

the space dimension of the problem, and to define the energy forms that are later 

called upon to establish sufficient conditions for the existence, uniqueness and 

multiplicity of the solutions produced by this Trefftz variant of the finite element 

method. 
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CHAPTER 3 

FINITE ELEMENT MODELLING 

 

 

3.1 Introduction 

Three inter-related hybrid formulations can be established for the finite element 

method, namely the hybrid-mixed, the hybrid and the hybrid-Trefftz formulations. 

What distinguishes these three levels of finite element formulation is the set of 

constraints placed on the approximation in the domain of the element. Two 

alternative models can be derived for each formulation, namely the stress and the 

displacement models, depending on whether the continuity conditions are 

explicitly enforced in terms of forces or displacements [243,244].  

The approximations in the domain used in the development of the hybrid-mixed 

formulation are fully unconstrained, in the sense that they may not locally satisfy 

the domain conditions of the problem, typically the equilibrium and compatibility 

conditions and the constitutive relations.  

Consequent upon this relaxation, and depending on the problem being modelled, 

it becomes necessary to approximate independently at least two domain fields, 

namely a static, (e.g. stress) field and a kinematic (e.g. displacement) field. As the 

local enforcement of the boundary conditions is also relaxed, it becomes 

necessary, also, to approximate independently a boundary field, namely 

displacements or surface forces. This classifies the formulation as hybrid. 

The hybrid formulation is derived by constraining the domain approximation 

basis to satisfy either the equilibrium or the compatibility condition of the 

problem. This constraint ensures that only one field has to be approximated in the 
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domain of the element, namely the static field in the stress model of formulation 

and the kinematic field in the alternative displacement model.  

The hybrid nature of the formulation remains whenever the boundary conditions 

are enforced in weak form. When the domain approximation of the displacement 

(stress) model is constrained to locally satisfy the displacement (surface force) 

condition, the hybrid displacement (stress) model collapses into the conventional 

displacement (equilibrium) element. 

The hybrid-Trefftz variant is obtained directly from the hybrid formulation by 

constraining the domain approximation basis to satisfy locally all domain 

conditions of the problem. This is the so-called Trefftz constraint. 

The hybrid-mixed finite element formulation for the analysis of saturated 

biphasic media is presented in Ref. [242]. The option followed in this presentation 

is to formulate directly the hybrid formulation for hydrated soft tissues in order to 

enhance the features that distinguish the Trefftz variant applied in all numerical 

implementation tests reported in this thesis. 

Different techniques can be used to derive the alternative stress and 

displacement models of the hybrid and hybrid-Trefftz finite element formulations. 

The option chosen here is to base this derivation on a Galerkin weighted residual 

approach designed to state explicitly how the strong form of each equation of the 

governing system is enforced. The concept of duality is called upon to ensure that 

the resulting weak form preserves the fundamental properties of the local 

conditions of the problem. 

In this context, the approximations that are assumed in the domain and on the 

boundary of the alternative stress and displacement models and their dual 

transformations are stated first as they support directly the derivation of the finite 

element formulations. 

As this derivation addresses two formulations – hybrid and hybrid-Trefftz – and 

two models for each formulation – stress and displacement – it is not easy to 

ensure clearness and to avoid undue repetition. This justifies the decision to 
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present a qualitative description of the alternative formulations and models before 

entering in the detailed derivation of each model for each formulation. 

After establishing the essential features of each formulation and model, the 

option that is followed is to present first the displacement model of the hybrid 

formulation because it is the closest to the conventional (conform) finite element 

formulation. The subsequent derivation of the alternative stress model is designed 

to enhance the complementary nature of the supporting discretization criteria. 

Besides the finite element equations and the associated solving systems, the 

derivation of the stress and displacement models of the hybrid finite element 

formulation for hydrated soft tissues includes comments on issues that play an 

important role in terms of numerical implementation and on qualitative aspects of 

the finite element solutions they produce. Numerical implementation is addressed 

in Chapters 4 and 5 for two-dimensional and axisymmetric applications, 

respectively. 

The Trefftz variant of the stress and displacement models is stated next, by 

direct specialization of the results obtained for the hybrid formulation, and the 

features that distinguish this variant are briefly recalled.  

The theoretical framework of these formulations and models is completed by 

relating the approach followed here with those based on the virtual work concept 

and on the use of stationary conditions on energy forms. Basic results of 

mathematical programming theory are used to establish sufficient conditions for 

uniqueness and multiplicity of the finite element solutions. 

The information presented in this chapter is directly based on Refs. [27,29,31]. 

 

3.2 Basic Equations 

In order to lighten the notation and to support directly the derivations presented in 

this chapter, the equations that govern the discretization in time of the parabolic 

problem under analysis defined in Section 2.5 are summarized below omitting the 

identification of the (eventually equivalent) forcing frequency mode: 
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s s s s

or in V= =σ ε ε σσ ε ε σσ ε ε σσ ε ε σk f  (100) 

 
s s t

p onφ Γ+ =σσσσN n t  (101) 

 
f p

p p onφ Γ=  (102) 

 
s u

on Γ=u u  (103) 

 
T

f w
w on Γ=n u  (104) 

System (98)-(104) is symmetric in consequence of two properties that should be 

preserved in the finite element description: 

(C1) Static-Kinematic Duality: The domain equilibrium and compatibility 

conditions (98) and (99) represent dual transformations. 

(C2) Constitutive Reciprocity: The elasticity causality condition (100) is 

symmetric. 

Moreover, the following definitions play a central role in the development of the 

finite element formulations and models: 

Strong (weak) statically admissible solution: A solution that locally satisfies 

(satisfies on average) the domain equilibrium condition (98) and the boundary 

equilibrium conditions (101) and (102). 

Strong (weak) kinematically admissible solution: A solution that locally satisfies 

(satisfies on average) the domain compatibility condition (99) and the boundary 

compatibility conditions (103) and (104). 

Strong (weak) solution: A strong (weak) statically and kinematically admissible 

solution that satisfies the constitutive relations (100) in strong (weak) form. 
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It is recalled that, in the notation used here, 
*

�  defines the transpose of the 

complex conjugate of operator � . 

 

3.3 Finite Element Approximations 

The approximations that are used to derive the alternative stress and displacement 

models of the hybrid and hybrid-Trefftz finite element formulations for hydrated 

soft tissues are summarized in this section. In order to stress the hybrid nature of 

these formulations, the approximations assumed in the domain and on the 

boundary of the element are presented separately. 

As the central objective of this section is to establish the notation and to identify 

the constraints placed on the approximation bases, no distinction is made yet on 

the approximations used to derive the stress and displacement models. They are 

identified when the derivation of each model is addressed. 

3.3.1 Approximations in the domain 

The approximation of the displacement fields developing in the solid and fluid 

phases of the mixture is stated as follows, 

 

o

s s

o

f fr

in V
       

= +      
       

u uzU R

u uzW R
 (105) 

where vectors z and 
r

z  collect the (unknown) weights of strain-inducing and rigid 

body displacement modes, respectively. Thus, matrices U  and W  collect the 

approximation functions associated with non-trivial deformation modes and R  is 

the matrix that collects the rigid-body modes. 

The use of the particular solutions defined by vectors 
o

s
u  and 

o

f
u  is optional. 

They are instrumental to incorporate the initial conditions of the problems and to 

implement (known) local solutions that model effects that may affect strongly the 

rate of convergence of the finite element approximation. 
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It is noted that the coefficients of the weighting vectors z and 
r

z  may not have 

(and in general do not have) a physical interpretation more specific than that of 

measures of the amplitude of the displacement modes they weight. This is 

consequent upon the option of using naturally hierarchical approximation bases, 

which are defined independently of the shape and of the geometry of the element. 

As it is shown below, it is necessary to identify either the strain and volumetric 

change fields that are compatible with the displacement approximation (105), or 

the stress and pressure fields that ensure that the approximation is equilibrated in 

the domain of the element. These approximations are stated as follows: 
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Enforcement of the domain compatibility equation (99) for the assumed 

displacement and strain fields (105) and (106) yields the following definitions for 

the deformation modes: 
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Similarly, the enforcement of the domain equilibrium condition (98) for the 

assumed displacement, stress and pressure fields (105) and (107) yields the 

following relations, 
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involving the strain-inducing displacement modes, U  and W , and the stress and 

pressure modes, S  and P : mode P  is used to model the constant pressure mode, 

with (scalar) weight 
p

z . 

It is worth to clarify the assumptions that are implicit in the domain 

approximations (105), (106) and (107). First, and in consequence of the constraint 

on the incompressibility of the mixture, the rigid body mode must be modelled as 

a frozen mode, that is, a mode in which the relative displacement of solid and fluid 

phases is null. Second, and by definition, the rigid body weighting vector, 
r

z , is 

absent from approximations (106) and (107) on the deformation, stress and 

pressure fields. Third, and again by definition in the context of an incompressible 

mixture, the weight of the constant pressure field present in equation (107), 
p

z , is 

absent from approximations (105) and (106), as it can be associated with trivial 

displacement and deformation modes. 

The question arises on whether approximations (106) and (107) are constrained 

to satisfy the local elasticity condition, written in either of the formats given in 

equation (100). As it is shown below, this constraint is not called upon in the 

development of the hybrid formulation. What distinguishes the Trefftz variant of 

the hybrid formulation is that the constitutive relations must also be locally 

enforced. 

It is straightforward to verify that the following relations must hold when the 

elasticity condition is locally enforced in the stiffness description, 

 =S k E  (112) 

 
s s

ο ο=σ εσ εσ εσ εk  (113) 

or, in the flexibility description: 

 =E f S  (114) 

 
s s

ο ο=ε σε σε σε σf  (115) 
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Under this additional condition, approximations (105), (106) and (107) satisfy 

locally all domain conditions of the problem. This is the so-called Trefftz 

constraint. 

3.3.2 Trefftz constraint 

Under this constraint, relations (108) to (115) hold for the strain and volumetric 

change approximation (106) and for the stress and pressure approximation (107), 

provided that the displacement approximation (105) is extracted from the solution 

set of the governing differential equation (90). 

This leads to the homogeneous and non-homogeneous systems of differential 

equations that govern the complementary and particular solutions of the 

approximation on the displacement field: 
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The expressions of the potential functions that are used to set up the domain 

approximations (105), (106) and (107) are given in Chapters 4 and 5 for two-

dimensional and axisymmetric problems, respectively. 

The results summarized above expose the intention of abandoning the Ritz 

method [245] in benefit of the classical procedure to solve boundary value 

problems. The option is, indeed, to combine a complete basis extracted from the 

homogeneous governing equation, weighted by the unknown amplitudes, while 

leaving open the option of correcting this so-called complementary solution with a 

particular solution term. As for the classical approach, the unknown amplitudes of 

the complementary solution are determined by enforcing the boundary conditions 

of the problems, as stated by equations (101) to (104). 
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3.3.3 Approximations on the boundary 

In the approach followed here, either the Neumann or the Dirichlet conditions are 

locally enforced. The complementary set is enforced on average, in the sense of 

Galerkin. As it is shown below, this implies the direct approximation of boundary 

fields, namely the displacement in the solid and fluid phases on Neumann 

boundaries, 

 
s u u t

on Γ=u Z x  (118) 

 
w w p

w on Γ= Z x  (119) 

and the surface force and pressure fields on Dirichlet boundaries: 

 
t t u

on Γ=t Z y  (120) 

 
f p p w

p onφ Γ= Z y  (121) 

Definitions (118) to (121) imply that each displacement and force component 

may be approximated independently. As for the domain approximation, 

hierarchical approximation bases are used in the numerical implementation. 

These bases, collected in matrices Z, are typically built on complete Legendre or 

Chebyshev polynomials, meaning that vectors x and y list the weights of each 

approximating mode. Thus, they represent generalized (non-nodal) displacements 

and forces, respectively.  

 

3.4 Dual Finite Element Transformations 

In the approach followed here, the dual transformations of the domain and 

boundary approximations defined above play a central role in the derivation of the 

alternative stress and displacement finite element models. 

The dual transformations of the domain approximations on the displacements 

(105), strains (106), boundary forces (120) and (121) that are used to develop the 

displacement model define, respectively, generalized body forces, 
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generalized stresses, 
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and generalized boundary displacements: 

 
*

u t u
dΓ= ∫x Z u  (124) 

 
*

w p w
wdΓ= ∫x Z  (125) 

These auxiliary variables are so defined as to ensure the invariance of the 

associated finite element mappings: 
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Similarly, the dual transformations of the domain approximation on the stress 

and pressure fields displacements (107) and of the approximation on the boundary 

displacements (118) and (119) that are used to develop the alternative stress model 

define, respectively, generalized strains, 
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and generalized boundary forces, 
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t u t
dΓ= ∫y Z t  (131) 
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which ensure the invariance of the associated finite element mappings: 
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3.5 Overview of the Alternative Formulations and Models 

It is convenient to present a general description of the strategy that is used to 

derive the alternative finite element models, namely stress and displacement, and 

the two alternative formulations, namely hybrid and hybrid-Trefftz, before 

presenting their detailed derivation. The objective is to identify the qualitative 

features that distinguish each model and each formulation. 

3.5.1 Hybrid displacement model 

The ultimate goal in the development of a displacement model is to produce 

kinematically admissible solutions for the problem under analysis. If the kinematic 

admissibility condition is enforced in strong form, the model is said to be 

conform. 

This is the option followed in the derivation of the conventional finite element 

formulation, using the Ritz method and identifying the essential boundary 

conditions with the problem Dirichlet conditions. Thus the following definitions: 

Dirichlet boundary of a displacement element: The Dirichlet boundary of a 

displacement element combines its interelement boundary with the Dirichlet 

boundary of the mesh the element may contain. 

Neumann boundary of a displacement element: The Neumann boundary of a 

displacement element is the portion of the Neumann boundary of the mesh the 

element may contain. 
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Thus, the Dirichlet boundary of a displacement element is the part of its 

boundary whereon the surface forces are not known a priori. This boundary is 

necessarily non-empty, as it combines its inter-element boundary, 
i

Γ , with the 

Dirichlet boundary of the mesh it may share, 
u w

Γ Γ∪ , see Figure 2.1. The 

complementary boundary, 
t p

Γ Γ∪ , of a displacement element may be empty, as 

it is defined as the part of the Neumann boundary of the mesh shared by the 

element. The only exception to the generalization sated above is the single-

element discretization of a Neumann problem, when 
i

Γ  and 
u w

Γ Γ∪  are empty 

and 
t p

Γ Γ Γ= ∪  

The development of the hybrid variant of the displacement model has the same 

goal of producing kinematically admissible solutions but relaxes the enforcement 

of the boundary compatibility conditions. To this effect, its derivation is based on 

the domain displacement approximation (105), constrained to the existence of a 

compatible deformation field (106), under conditions (108) and (109). However, 

the boundary compatibility conditions (103) and (104) may now be enforced in 

weak form. 

As it is shown below, this implies the independent approximation of the surface 

forces in form (120) and (121), and their dual transformations (124) and (125) are 

used to enforce (in weak form) the boundary compatibility conditions. When these 

conditions are enforced in strong form, the hybrid displacement element 

degenerates into the conform element. 

The dual transformations (122) and (123) of the primary (105) and dependent 

(106) domain approximations are used, in turn, to enforce in weak form the 

remaining conditions of the problem, namely the static admissibility conditions 

and the constitutive relations. 

This information is summarized in Tables 3.1 and 3.2 to support future 

reference, and is so organized as to emphasize the complementary nature of the 

alternative stress model. To enhance this relation, the same (but duly adapted) text 

is used in the following description of the features of the hybrid stress model. 
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3.5.2 Hybrid stress model 

The ultimate goal in the development of a stress model is to produce statically 

admissible solutions. If the static admissibility condition is enforced in strong 

form, the model is said to be equilibrated. 

Table 3.1: Approximations in the domain and on the boundary. 

Displacement model In the domain Stress model 

Primary Displacements, Dependent 

approximation Eq. (105) approximation 

Dependent Deformations, Not 

approximation Eq. (106) used 

Not Stresses, Primary 

used Eq. (107) approximation 

   

Primary Surface forces, Not 

approximation Eqs. (120) & (121) used 

Not Displacements, Primary 

used Eqs. (118) & (119) approximation 

Displacement model On the boundary Stress model 

 

This option was originally followed in the derivation of the equilibrium finite 

element formulation using the Ritz method and identifying the essential boundary 

conditions with the problem Neumann conditions, Ref. [246]. Thus the following 

definitions: 

Neumann boundary of a stress element: The Neumann boundary of a stress 

element combines its interelement boundary with the Neumann boundary of the 

mesh the element may contain. 

Dirichlet boundary of a stress element: The Dirichlet boundary of a stress 

element is defined by the portion of the Dirichlet boundary of the mesh the 

element may contain. 
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Thus, the Neumann boundary of a stress element is the part of its boundary 

whereon the displacements are not known a priori. It is necessarily non-empty, as 

it combines its inter-element boundary, 
i

Γ , with the Neumann boundary of the 

mesh it may share, 
t p

Γ Γ∪ . The complementary Dirichlet boundary, 
u w

Γ Γ∪ , of 

a stress element may be empty, as it is defined as the part of the Dirichlet 

boundary of the mesh that the element may share. The only exception to this 

generalization is the single-element discretization of a Dirichlet problem, in which 

case 
i

Γ  and 
t p

Γ Γ∪  are empty and 
u w

Γ Γ Γ= ∪  

Table 3.2: Enforcement of domain and boundary conditions. 

Displacement model In the domain Stress model 

Weak Equilibrium, Strong 

form Eq. (98) Form 

Strong Compatibility, Weak 

form Eq. (99) form 

Weak Elasticity, Weak 

form Eq. (100) form 

   

Weak Equilibrium, Weak 

form Eqs. (101) & (102) form 

Weak Compatibility, Weak 

form Eqs. (103) & (104) form 

Displacement model On the boundary Stress model 

 

The development of the hybrid variant of the stress model has the same goal of 

generating statically admissible solutions but relaxes the enforcement of the 

boundary equilibrium conditions. To this effect, its derivation is based on the 

domain stress approximation (107), constrained to the existence of an 

equilibrating displacement field (105), under conditions (110) and (111). 

However, the boundary equilibrium conditions (101) and (102) may now be 

enforced in weak form. 
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This implies the independent approximation of the surface displacements in 

form (118) and (119), and their dual transformations are used to enforce the 

boundary equilibrium conditions. When they are enforced in strong form the 

hybrid stress element degenerates into the equilibrium element. 

The dual transformation of the primary domain approximations is used to 

enforce in weak form the remaining conditions of the problem, namely the 

kinematic admissibility conditions and the constitutive relations. 

3.5.3 Trefftz variant of the hybrid stress and displacement models 

As it is shown below, the solving systems for the Trefftz variant preserve the same 

structure of that found for the alternative stress and displacement models of the 

hybrid finite element formulation. 

Formally, the essential difference is that the elasticity constraints (112) to (115) 

are called upon to ensure that all finite element arrays present a boundary integral 

description, a feature typical of all approaches that use approximation bases 

extracted from the solution of the system of differential equations that govern the 

problem being modelled. This is the case, for instance, of the boundary element 

method. 

In computational terms, this additional constraint secures important advantages. 

The boundary integral description found for all finite element arrays simplifies 

computation and, what is more relevant, relaxes all constraints that are usually set 

on shape and geometry of the finite element. 

This is not gained at the cost of using singular approximation bases, as in all 

methods based on fundamental solutions, because the Trefftz basis may now be 

built using the regular solutions of the governing differential equations. Moreover, 

the approximation basis embodies the physics of the problem being modelled, a 

feature that has a direct impact on the rate of convergence of the finite element 

solutions. Finally, the concept is implemented in a strict finite element framework 

to secure the flexibility offered by domain decomposition. 
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Irrespectively of the formulation being used, hybrid or hybrid-Trefftz, the option 

of adopting generalized (non-nodal) variables is justified by the possibility of 

using naturally hierarchical approximation bases, a central aspect in the 

implementation of adaptive refinement procedures. As it is shown below, the 

option followed in setting up and solving the algebraic solving system is justified 

by the additional option of enhancing parallel processing. Neither of these options 

is exploited here, because the applications did not justify this supplementary 

effort. 

 

3.6 Hybrid Displacement Element 

A step-by-step presentation of the derivation of the displacement model of the 

hybrid finite element formulation is used to clarify the need and the use of the 

alternative domain and boundary approximations that are called upon. Although 

different techniques can be applied to the same effect, duality is used here as the 

consistency criterion, with the purpose of ensuring the preservation at finite 

element level of the basic properties of system (98)-(104). 

3.6.1 Procedure 

Consequent upon the objective of deriving kinematically admissible solutions, the 

displacement approximation (105) is selected as the primary approximation in the 

development of displacement elements. 

In order to ensure the local enforcement of the domain compatibility conditions, 

as stated by equation (99), a dependent approximation on the deformation field is 

set in form (106), under constraints (108) and (109). 

The generalized body forces and stresses defined by the dual transformations 

(122) and (123), are used to enforce on average, in the sense of Galerkin, the 

equilibrium and elasticity conditions (98) and (100). 

In order to combine the static admissibility in a single equation, the average 

enforcement of the domain equilibrium condition is integrated by parts to enforce 

the Neumann conditions (101) and (102). 
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In a non-conform model, this leads to the necessity of approximating 

independently the boundary forces, as stated by equations (120) and (121). Their 

dual transformations (124) and (125), are then used to enforce on average the 

Dirichlet conditions (103) and (104), and obtain thus the element kinematic 

admissibility equation. 

3.6.2 Elasticity condition 

The finite element elasticity condition is obtained inserting the local constitutive 

relation (100) in definition (123) for the generalized stress vector, using the 

dependent strain approximation (106) and accounting for the incompressibility 

condition implied by equations (108) and (109), to yield, 

 
o

ε=s K z + s  (136) 

where the stiffness matrix and the vector associated with the particular solution 

are defined as follows: 

 
*

dV= ∫K E k E  (137) 

 
o * o

s
dVε = ∫s E k εεεε  (138) 

As the stiffness matrix is Hermitian, the finite element description of elasticity 

preserves the local reciprocity condition (C2). 

3.6.3 Equilibrium condition 

Let the local equilibrium condition (98) be inserted in definition (122) for the 

generalized body forces, to yield: 

( ) ( ) ( )
* *o *

s f s f

s *o *

r

i dV dV pdVε
ζ φ φ

ω
   − − +    

= − −      
        
∫ ∫ ∫

U W u u U Wy U

0 Ry R
σ ∇σ ∇σ ∇σ ∇�  (139) 

This weak form of the equilibrium condition is integrated by parts to retrieve the 

boundary term, while enforcing definition (123) for the generalized stresses, 

approximation (105) on the displacement field, and the incompressibility 

constraint (108), to yield, 
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o* * o

s s f o* *

r

( p )d pd i i
εφ Γ φ Γ ω ω

         
= + + − + −          

         
∫ ∫

s C yU W c
N n n z

0 O yR R 0
σσσσ  (140) 

where C is the (Hermitian) damping matrix and 
o

c  collects the equivalent 

contribution from the particular solution: 

 ( ) ( )*
dVζ= − −∫C U W U W  (141) 

 
*( ) ( )o o o

s f
dVζ= − −∫c U W u u  (142) 

The final form of the static admissibility condition is obtained uncoupling the 

boundary terms present in equation (140) in their Neumann and Dirichlet parts. 

This shows that while conditions (101) and (102) can be directly enforced on the 

Neumann boundary of the element, it becomes necessary to approximate 

independently the corresponding (unknown) forces on the Dirichlet boundary of 

the element: thus the independent boundary force approximations (120) and (121), 

which lead to the qualification of the element has a hybrid element. 

In the resulting expression for the equilibrium condition of the hybrid 

displacement element, 

 

o o
t p t

o
t p p r r

i iε εω ω
       +   

= − + −          
+        

B B ys C y y c
z

b b y0 O y y 0
 (143) 

the following expressions are found for the boundary equilibrium matrices, 

 

* *

t u p wt p

* *
t p

t u p w

d d

d d

Γ Γ

Γ Γ

  
 = 
    

∫ ∫

∫ ∫

U Z W n ZB B

b b R Z R n Z
 (144) 

and for the prescribed boundary force vectors: 

 
* *

t p* *

r

d p d
ε Γ Γ

     
= +     

    
∫ ∫

y U W
t n

y R R
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3.6.4 Compatibility condition 

As the domain condition (99) is locally satisfied, the finite element compatibility 

condition reduces to the enforcement of the Dirichlet (and inter-element 

displacement continuity) conditions (103) and (104). 

They are enforced on average using the generalized boundary displacement 

definitions (124) and (125) for the assumed displacement field (105). The 

following description is found for the element kinematic admissibility condition, 

 

* * o

t t u u

* * o

p p r w w

   − 
    

−    

B b z x x
=

B b z x x
 (145) 

where use is made of definition (144), and: 

 
o * o

u t s u
dΓ= ∫x Z u   

 
o * T o

w p f w
dΓ= ∫x Z n u   

As transformations (143) and (145) are dual, the finite element description of 

the static and kinematic admissibility conditions preserves the local condition 

(C1). 

3.6.5 Indeterminacy numbers 

Let 
V

N  define the dimension of the domain approximation basis (105), 

 ( ) ( )
V r

N Dim Dim= +z z  (146) 

and NΓ  represent the dimension of the boundary force approximation bases (120) 

and (121): 

 ( ) ( )
t p

N Dim DimΓ = +y y  (147) 

The static admissibility condition (143) shows that the element is statically 

indeterminate, 

 ( ) ( )
r

N Dim Dim 0Γα = + − >z z  (148) 
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as the number of rigid body modes is necessarily smaller than the sum of the 

strain-inducing displacement modes with the number of boundary force modes. 

However, the kinematic admissibility condition (145) shows that the (linearly 

independent) domain and boundary bases must be so balanced as to ensure a non-

negative kinematic indeterminacy number, 

 
V

N N 0Γβ = − ≥  (149) 

in the limit situation of an isolated element with an empty Neumann boundary.  

3.6.6 Solving system 

The solving system for the displacement model of the hybrid finite element 

formulation for incompressible soft tissues is obtained combining the elasticity 

(136), equilibrium (143) and compatibility (145), to yield, 

 

d t p o

o

t p r r r

* * o

t t t u u

* * o

p p p w w

ε
   − −  −
     

− − +     =    − − −    
   − − −     

D O B B z y y

O O b b z y y

B b O O y x x

B b O O y x x

 (150) 

where 
d

D  is the displacement model dynamic matrix and vector 
o

y  collects the 

effects of initial, particular and body force terms: 

 
d

iω= +D K C  (151) 

 
o o o

o
i ε εω= −y c + s y  (152) 

It can be readily verified that the arrays defined above, and the body force 

resultants 
o

r
y , defined by equation (122), are the only terms in system (150) that 

present domain integral expressions. As it is shown below, system (150) holds for 

the Trefftz variant of the displacement model of the hybrid finite element 

formulation, with the added advantage that alternative boundary integral 

expressions can be found for the arrays with domain integral definitions. 
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System (150) is Hermitian, with the exception of the velocity-dependent terms, 

and highly sparse. The solving system for the assembled finite element mesh 

presents the same structure. 

As it is shown later, the setting up of this system requires direct allocation of the 

elementary matrices and vectors, without the summation operations that 

characterize the assemblage of the solving system of conventional elements. The 

resulting system is particularly well-suited for parallel processing because the 

domain degrees-of-freedom, defined by vectors z  and
r

z , are strictly element 

dependent, and the generalized force and pressure vectors, 
t

y and
p

y , are shared 

by at most two connecting elements.  

3.6.7 Quality of the finite element solutions 

System (150) produces finite element estimates (105) and (106) for the 

displacement and deformation fields that necessarily satisfy the local domain 

compatibility condition (99). However, as the inter-element and boundary 

displacement continuity conditions (103) and (104) are enforced in weak form, 

through the second set of equations in system (150), the finite element solution is, 

in general, a weak kinematically admissible solution. 

Nevertheless, equation (149), now written at mesh level, indicates that the 

smaller the kinematic indeterminacy number of the assembled system the stronger 

the enforcement of the element displacement continuity conditions (145). 

The first set of equations in system (150) defines the weak enforcement of the 

combined elasticity (100) and static admissibility conditions (98), (101) and (102): 

neither condition is, in general, locally satisfied. Moreover, the stress field 

determined from the dependent deformation approximation (106) through the 

elasticity condition (100) and the stress field (107) that may be determined from 

the primary displacement approximation (105) are, in general, inconsistent. 
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3.7 Hybrid Stress Element 

In order to enhance their complementary nature, the approach used to establish the 

formulation of the hybrid displacement model is adapted next to the derivation of 

the formulation of the alternative stress model. 

3.7.1 Procedure 

The stress and pressure approximation (107) is the primary approximation in the 

development of stress elements. The displacement approximation (105), under 

constraints (110) and (111), is taken as dependent and used to ensure the local 

enforcement of the domain equilibrium condition (98), a necessary condition to 

derive statically admissible solutions. 

The generalized strain defined by the dual transformation (130) is used to 

enforce on average, in the sense of Galerkin, the compatibility condition (99) and 

the constitutive relation (100). 

Similarly, the generalized boundary forces defined by the dual transformations 

(131) and (132) are used to enforce on average, in the sense of Galerkin, the 

Neumann boundary conditions (101) and (102). 

3.7.2 Elasticity condition 

The finite element elasticity condition is obtained inserting the constitutive 

relations (100) and the stress approximation (107) in definition (130) for the 

generalized strain vector, and enforcing the mixture incompressibility condition 

(99), to yield, 

 
o

ε=a F z + a  (153) 

where the flexibility matrix and the vector associated with the particular solution 

and with the initial strain solution are defined as follows, where f is the inverse of 

the local stiffness matrix k : 

 
*

dV= ∫F S f S  (154) 

 
o *

s
dV

ο

ε = ∫a S f σσσσ  (155) 
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As the flexibility matrix is Hermitian, the finite element description of elasticity 

preserves the local reciprocity condition (C2). 

3.7.3 Compatibility condition 

The finite element compatibility condition, which combines the kinematic 

admissibility conditions (99), (103) and (104), is stated as follows: 

 ( ) ( )

o
u w tu * *

u w pw

i i
a 0 0γ

ω ω
         

= − + −          =         

B B xa x C c
z

b b xx 0
 (156) 

This result is obtained inserting the local condition (99) in definition (130) for 

the generalized strains and integrating by parts the resulting expression, to retrieve 

the boundary term, which is uncoupled into the Neumann part and the Dirichlet 

part of the boundary of the mesh the element may share. The dependent 

displacement approximation (105), under constraint (110), is inserted in the 

domain term of the resulting expression. The boundary displacement 

approximations (118) and (119) are implemented in the Neumann part of the 

boundary term, and conditions (103) and (104) are enforced on the 

complementary, Dirichlet part of the boundary term. 

Implementation of these operations recovers definitions (141) and (142) for the 

damping terms and yields the following expressions for the boundary 

compatibility matrices and for the terms defining the effect of the prescribed 

displacements: 

 
( ) ( )

( ) ( )

* *

s u t s w pu w

* *
u w

s u t f w p

d d

P d P d

φ Γ φ Γ

φ Γ φ Γ

 + 
 = 
    

∫ ∫

∫ ∫

N S nP Z nP ZB B

b b n Z n Z
 (157) 

 
( )

( )

* *
t s

u f w* *
p s

d wd
P P

φ
Γ φ Γ

φ

     +
= +     

   
∫ ∫

x N S n P P
u

x n
 (158) 
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3.7.4 Equilibrium condition 

As the stress and displacement approximations (107) and (105) satisfy locally the 

domain equilibrium equation (98), the static admissibility condition reduces to the 

average enforcement of the Neumann (and inter-element flux continuity) 

conditions (101) and (102).  

They are enforced using the generalized boundary force definitions (131) and 

(132) for the assumed stress and pressure fields (107). The resulting expression is 

the dual of the kinematic admissibility condition (156), as result (157) holds: 

 

* * o

u u t t

* * o

pw w p p

   −   
    

−     

zB b y y
=

zB b y y
 (159) 

 ( )o * o o

t u s s t
p dφ Γ= +∫y Z N nσσσσ   

 
o * o

p w f p
p dφ Γ= ∫y Z   

As transformations (156) and (159) are dual, the finite element description of the 

static and kinematic admissibility conditions preserves the local condition (C1). 

3.7.5 Indeterminacy numbers 

Let 
V

N  define the dimension of the domain approximation basis (107), 

 ( ) ( )
V p

N Dim Dim= +z z  (160) 

and NΓ  represent the dimension of the boundary displacement approximation 

bases (118) and (119): 

 ( ) ( )
u w

N Dim DimΓ = +x x  (161) 

The kinematic admissibility condition (156) shows that the element is 

kinematically indeterminate,  

 ( ) ( )
p

N Dim Dim 0Γβ = + − >z z  (162) 

as the number of unknowns exceeds the number of equations: the number of 

constant pressure modes is necessarily smaller than the sum of the non-constant 

pressure modes with the number of boundary displacement modes. 
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On the other hand, the static admissibility condition (159) shows that the 

(linearly independent) domain and boundary bases must be so balanced as to 

ensure a non-negative indeterminacy, 

 
V

N N 0Γα = − ≥  (163) 

where with 
V

N  and NΓ  are now defined by equations (160) and (161), 

respectively. This limit situation corresponds to an element with an empty 

Dirichlet boundary. 

3.7.6 Solving system 

The solving system for the hybrid stress finite element model is obtained equating 

the compatibility and elasticity equations (156) and (153), to eliminate the 

generalized strains as independent variables and adding the boundary equilibrium 

equation (159): 

 

o

s u w t

u w p p

* * o

u u u t t

* * o

w w w p p

ε     − − −
     

− −      =    − − −    
   − − −      

D O B B z x x

O O b b z x

B b O O x y y

B b O O x y y

 (164) 

All terms in this system present boundary integral expressions, with the 

exception of those associated with the constitutive relations, namely the stress 

element dynamic matrix, 

 ( )*

s
iω= +D F C  (165) 

and the corresponding term associated with the particular solution: 

 ( )o o * o
iε ε ω= +x a c  (166) 

The solving system for the assembled finite element mesh presents the same 

structure and preserves the features identified for the displacement model. The 

system is sparse and Hermitian except for the damping term. The domain 

approximation weighting vectors, z  and 
p

z , are strictly element dependent, and 
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the generalized boundary displacement vectors, 
u

x  and 
w

x , are shared by at most 

two connecting elements. 

3.7.7 Quality of the finite element solutions 

System (164) produces finite element estimates (107) for the stress and pressure 

fields that necessarily satisfy the local domain equilibrium condition (98) through 

the dependent displacement approximation (105). This estimate is, in general, a 

weak statically admissible solution because the inter-element and boundary force 

continuity conditions (101) and (102) are enforced in weak form, through the 

second set of equations in system (164). 

However, equation (163), now written at mesh level, indicates that the smaller 

the static indeterminacy number of the assembled system the stronger the 

enforcement of the element force continuity conditions (159). 

The first set of equations in system (164) define the weak enforcement of the 

combined elasticity (100) and kinematic admissibility conditions (99), (103) and 

(104). Thus, and in general, these conditions are not locally satisfied. Moreover, 

the deformation field determined from the dependent displacement (105) and 

deformation field that may be determined from the primary stress approximation 

(107) through the elasticity condition (100) are, in general, inconsistent. 

 

3.8 Hybrid-Trefftz Formulation 

The Trefftz method to solve boundary value problems consists in using an 

approximation that solves locally all domain conditions and to determine the 

weights of this approximation using different techniques to enforce the boundary 

conditions. 

To derive the Trefftz variant of the hybrid formulation presented above it 

suffices to assume that the domain approximations (105), (106) and (107) satisfy 

the Trefftz constraint (116) through relations (108), (110), (112), or (114). The 

boundary force approximations (120) and (121) still hold for the displacement 
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model, and the boundary displacement approximations (118) and (119) are still 

used in the derivation of the alternative stress model. 

3.8.1 Hybrid-Trefftz displacement model 

The procedure described above to determine the (weak) conditions on equilibrium, 

compatibility and on elasticity for the displacement model of the hybrid finite 

element formulation is not affected by the additional Trefftz constraint placed on 

the domain approximation basis. 

Consequently, the finite element equilibrium, compatibility and elasticity 

equations (143), (145) and (136), respectively, hold for the Trefftz variant, as well 

as the solving system (150). However, the domain approximation basis is now 

fundamentally different, as the Trefftz constraints (108)-(113) ensure that the 

approximation embodies the physics of the problem. 

Moreover, when these constraints are used to integrate by parts and simplify 

definitions (151) and (152) the following alternative boundary integral expressions 

are found: 

 
*( )*

d s f
d dΓ φ φ Γ+ +∫ ∫D = U N S U W n P  (167) 

 
*( )* o o

o s s f
d p dΓ φ φ Γ= + +∫ ∫y U N U W nσσσσ  (168) 

Similarly, the alternative boundary integral expression for the body force 

resultants is obtained substituting constraint (111) in definition (122), integrating 

by parts and using result (108): 

 ( )o * o o

r s
p dΓ= − +∫y R N nσσσσ  (169) 

3.8.2 Hybrid-Trefftz stress model 

Similarly, the compatibility, equilibrium and elasticity equations (156), (159) and 

(153), and, consequently, the solving system (164), obtained for the hybrid stress 

element still hold for the Trefftz variant.  

The additional constraints on the domain approximation basis can be used to 

establish the following boundary integral expression for the dynamic matrix (165): 



 70 

 ( ) ( ) ( )* *

s s f
d dΓ φ φ Γ= + +∫ ∫D N S U nP U W  (170) 

This result can be recovered using the Trefftz constraint on elasticity (112) and 

compatibility (108) in definition (154) for the flexibility matrix, and integrating by 

parts the resulting expression to enforce the Trefftz constraint (110) on 

equilibrium, while recalling definition (141) for the damping matrix.  

The application of the same procedure to definition (155), and recalling now 

result (142), yields the following boundary integral expression for the particular 

solution term: 

 ( ) ( ) ( )o * o * o o

s s s f f
d dε Γ φ φ Γ= + +∫ ∫x N S u nP u u  (171) 

Results (167) and (170) establish the following relation between the dynamic 

matrices found for the displacement and stress models: 

 
*

s d
=D D  (172) 

3.8.3 Quality of hybrid-Trefftz finite element solutions 

The comments on the quality of the hybrid finite element solutions summarized in 

Sections 3.6.7 and 3.7.7 still hold for the hybrid-Trefftz variant with the following 

clarifications: 

Domain conditions: The solutions produced by the stress and displacement 

locally satisfy the domain equilibrium, compatibility and elasticity conditions of 

the problem. 

Boundary conditions: The solutions produced by the stress (displacement) 

explicitly enforce the boundary force (displacement) continuity conditions in 

weak form and implicitly enforce in weak form the boundary displacement 

(force) continuity conditions of the problem. 

Inconsistency: The solution for the boundary displacements (forces) determined 

from the domain approximation of the stress (displacement) model is, in 

general, inconsistent with the solution obtained from the independent boundary 

displacement (force) approximation. 
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Indeterminacy: The rigid body (constant pressure) term present in the dependent 

displacement (pressure) approximation of the stress (displacement) element 

remains undetermined. 

This indeterminacy can be readily verified by noting that the displacement 

model solving system (150) does not involve the constant pressure mode, with 

weight 
p

z , present in the domain pressure approximation (107). Similarly, the 

rigid body mode, with weight 
r

z  in the domain displacement approximation (105), 

is absent from the stress model solving system (164). These terms can be 

determined, in a non-unique form, in the post processing phase by enforcing on 

average (or by collocation) the pressure and displacement continuity conditions, 

respectively. 

Regarding the enforcement of the boundary conditions and the matching of the 

independent domain and boundary approximations, they can only be ensured in 

strong form at convergence of the finite element solution. 

 

3.9 Energy Statements and Uniqueness Conditions 

The alternative displacement and stress models of the hybrid-Trefftz finite 

element formulation are derived above from the basic equations of equilibrium 

and compatibility for the assumed constitutive relations, and boundary and initial 

conditions. 

The role of the present section is to recover the energy concepts that relate with 

the procedure used here to establish the finite element solving systems (150) and 

(164). The results obtained are used to establish sufficient conditions for 

uniqueness of the finite element solutions. 

To simplify the presentation, systems (150) and (164) are stated in form, 

 
*

 −    
=    

−−     

x + yA B

y xB O
 (173) 
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where ( , )
r

=x z z  and ( , )
t p

=y y y  for the displacement model and ( , )
p

=x z z  and 

( , )
u w

=y x x  for the stress model. The consequent identification of the system 

matrices A  and B  and stipulation vectors x  and y  is immediate for each model. 

3.9.1 Duality and virtual work 

Consequent upon duality, it can be readily confirmed that the inner product of the 

equilibrium and compatibility and equilibrium conditions (143) and (145) of the 

displacement element, recovers definition (95) for the mechanical energy, 

( ) ( ) ( ) ( ) ( )
* *

* o * o * o o o

r r r u u t w w p
i i 0ε εω ω= − + − + − − − − =z s+ Cz+ c z y y z y y x x y x x y�  (174) 

and that the same result is recovered implementing the inner product of the 

compatibility and equilibrium conditions (156) and (159) of the alternative stress 

element: 

 ( ) ( ) ( )
*

o * * * o * o

t p p u t t w p p
ˆ ˆi i 0ω ω= − − − − − − − − =a C z c z x z x z x y y x y y�  (175) 

As the finite element equilibrium and compatibility conditions are independent 

of the constitutive relations of the mixture, the equalities above state the virtual 

work equation for the displacement and stress elements, respectively. The 

identification with definition (95) is recovered substituting in equalities (174) and 

(175) the finite element approximations defined above and the expressions there 

given for each finite element array. 

3.9.2 Associated quadratic programs 

When the constitutive relations (136) are enforced in equation (174) and use is 

made of definitions (151) and (152), the following result is obtained using the 

compact notation (173) for the displacement element solving system (150): 

 
* * *

0= − − =x Ax x y x y�   

This identification is recovered for the stress element working with definition 

(175), the constitutive relation (153) and results (165) and (166), noting that 

system (173) represents now the element solving system (164). 
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The result above can be used to show that system (173) is equivalent to a 

(computationally trivial) mathematical programming problem that associates the 

optimal solutions with stationary (and null) points of the real part of the total 

mechanical energy of the system [247]:  

 
* * *( )    Min z Re subject to system= − −x A x x y x y (173) (176) 

As the damping, stiffness and flexibility matrices (141), (137) and (154), 

respectively, are Hermitian, the alternative definitions (151) and (165) for the 

dynamic matrix show that the solving systems (150) and (164) for the 

displacement and stress elements, respectively, are not Hermitian whenever the 

real part of the forcing frequency is non-null, ( )Re 0≠ω . This is typically the case 

of (periodic) spectral analysis problems and applies, also, to the time integration 

procedure used in the applications reported in later in this thesis.  

However, when trapezoidal rules are used to implement the discretization in 

time, the real part of the (equivalent) forcing frequency is null, ( )Re 0=ω  (see 

Chapter 2), and the resulting solving systems (150) and (164) are Hermitian. In 

this particular case, the (weak) static and kinematic admissibility in the governing 

systems of the displacement and stress elements, defined by equations (150) and 

(164), respectively, are implemented independently in the following pair of dual 

quadratic programming problems: 

 
* * * ( )  :1

2
Min w Re subject to= −x A x x y B x = x  (177) 

 
* *

*
 ( )  :1

2
Min w Re subject to= − −x A x y x A x B y = y  (178) 

3.9.3 Non-Hermitian problems 

The following statement results from the direct interpretation of program (176), 

recalling that systems (150) and (164) define the (weak) static and kinematic 

admissibility conditions of the alternative displacement and stress elements: 

(S1) Optimal solutions: If program (176) has optimal solutions, the solutions are 

(weak) statically and kinematically admissible and the Hermitian (conservative) 

part of the total mechanical energy is null at optimality.  



 74 

The mathematical programming problem (176) is computationally trivial but 

nonetheless useful to establish the following multiplicity conditions on the finite 

element solutions: 

(S2) Multiple optimal solutions: If ( , )x y  is an optimal solution to program 

(176), then the feasible solution ( , ) ( , )+ α ∆ ∆x y x y  is also an optimal solution if, 

 
* *( ) ( )Re Re 0= =x A x z D z∆ ∆ ∆ ∆  (179) 

and the variation is a solution to the homogeneous form of system (173): 

 
*

 −    
=    

−     

x 0A B

y 0B O

∆

∆
 (180) 

The following statement results from condition (179) and the alternative 

definitions (151) and (165) for the dynamic matrix, and holds for both 

displacement and stress elements: 

(S3) Stress and displacement estimates: As the elementary stiffness, flexibility 

and damping matrices are Hermitian, the stress, strain and strain inducing 

displacement fields are uniquely determined if the Hermitian part of the 

dynamic matrix is positive definite, 

 ( ) ( ) ( )* * * *( ) ( )1
2

Im Im 0+ = − = − >z D D z z K C z z F C z∆ ∆ ∆ ω ∆ ∆ ω ∆   

and multiple if the imaginary part of the forcing frequency is an eigenvalue of 

the Hermitian part of dynamic matrix. 

It is noted that, for Trefftz bases, the stiffness and flexibility matrices are 

positive definite, 
*

0>z K z∆ ∆  and 
*

0>z F z∆ ∆ , and the damping matrix is 

positive semi-definite, 
*

0≥z C z∆ ∆  (due to frozen mixture modes, for which 

=W U , as stated in Chapters 4 and 5 for two-dimensional and axisymmetric 

cases, respectively). It is recalled, also, that the forcing frequency in spectral 

analysis problems is real, ( )Im 0=ω . 

The following statements result from the homogeneous forms of systems (150) 

and (164), that is, system (180), for unique stress estimates: 
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(S4) Rigid body displacement estimate: If the strain inducing displacement 

estimate is unique, =z 0∆ , and the rigid body compatibility matrix, 

 

*

*

t

p

 
 
 

b

b
 (181) 

is full rank, the displacement element rigid body mode is uniquely determined, 

r
=z 0∆ ; its estimate is not uniquely determined in the implementation of stress 

elements. 

(S5) Constant pressure field estimate: If the stress field estimate is unique, 

=z 0∆ , and the boundary pressure equilibrium matrix, 

 

*

*

u

w

 
 
 

b

b
 (182) 

is full rank, the stress element constant pressure mode is uniquely determined, 

p
=z 0∆ ; its estimate is not uniquely determined in the implementation of 

displacement elements. 

It is noted that the number of rows of matrix (181) is the sum of the Dirichlet 

and inter-element boundaries of the mesh, which far exceeds the number of its 

columns, defined by the number of elements of the mesh. The same comment 

applies to matrix (182), where now the number of rows is defined he sum of the 

Neumann and inter-element boundaries of the mesh. 

It can be readily verified that, in consequence of the statements above: 

(S6) Boundary force estimate: If the boundary compatibility matrix (144) is full 

rank, and the approximation in the domain is unique, ∆ =z 0  and 
r

=z 0∆ , the 

boundary force estimate is uniquely determined, 
t

=y 0∆  and 
p

=y 0∆ , in the 

implementation of displacement elements. 

(S7) Boundary displacement estimate: If the boundary equilibrium matrix (157) 

is full rank, and the approximation in the domain is unique, ∆ =z 0  and 
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p
=z 0∆ , the boundary displacement estimate is uniquely determined, 

u
=x 0∆  

and 
w

=x 0∆ , in the implementation of stress elements. 

Thence, and with the exception of the constant pressure mode and of the rigid-

body displacement modes, which remain undetermined in the implementation of 

displacement and stress elements, respectively, and assuming that the imaginary 

part of the forcing frequency is not an eigenvalue of the dynamic matrix, the 

displacement and stress element solutions are unique if the domain approximation 

basis is linearly independent (a task that is easily met when Trefftz bases are 

used), and the boundary approximation basis is linearly independent and yields a 

full rank compatibility matrix, as safeguarded by conditions (149) and (163). 

3.9.4 Hermitian problems 

When the finite element solving systems (150) and (164) are Hermitian, program 

(176) and statements (S1) and (S2) still hold, the latter under the additional 

condition [248]:  

 
* *

0−y x x y =∆ ∆   

Therefore, statements (S3), (S4) and (S5) remain valid and the boundary 

compatibility and equilibrium matrices in statements (S6) and (S7) are extended to 

include the condition defined above with ∆ x = 0 , as =z 0∆  and 
r
=z 0∆  for 

displacement elements and =z 0∆  and 
p

=z 0∆  for stress elements. 

In what regards the pair of equivalent dual programs (177) and (178), it can be 

verified that the following identifications hold for the displacement element 

solving system (150), 

 ( ) ( ) ( )* * *

*

o1
2 d o r r r

w Re Re constant = − − + + = − z D z z y y z y yε �   

 ( ) ( ) ( )* * *

*

o o1
2 d t u u p w w

w Re Re constant = − − + − = + z D z y x x y x x �   

meaning that they recover the theorems on minimum potential co-energy and 

energy, as defined by equations (97) and (96), respectively. 
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Conversely, programs (177) and (178) are found to recover the theorems on 

minimum potential energy (96) and co-energy (97) when they are identified with 

the solving system (164) of stress elements, as the following identifications are 

found to hold: 

 ( ) ( )( ) ( )* * *o o1
2 s u t t w p p

w Re Re constant= − − + − = +z D z x y y x y y �   

 ( )( ) ( )* * *

* *

o1
2 s t p p

w Re Re constant= − − + = −z D z z x x z xε �   

It is noted that the (identical) constant terms present in each pair of the 

identifications defined above do not affect the minimization of the functional. 

System (173) is still associated with the following pair of quadratic programs, 

the first of which is unconstrained, meaning that a stationary value for its 

functional recovers the solution set of the governing system [247]:
  

 ( )* * * * *1
2

Min z Re= − −x A x + y B x + x y y x   

 ( )* * *

*
    1

2
Min z Re subject to system= − x A x + y B x (173)  

The identification of the objective function of the unconstrained mathematical 

program defined above written for the displacement element solving system (150) 

yields the following result, 

 ( )* *( ) ( )T

s u f f p
z Re d w p d constant= − + − + − +∫ ∫u u t n uΓ φ Γ�   

which recovers the Hu-Washizu functional for domain approximations that satisfy 

locally the domain compatibility condition. This is ensured by the primary and 

dependent displacement approximation (105) and (106), respectively, as 

constrained by the local compatibility conditions (108) and (109). 

Similarly, the identification of the objective function of the same program 

written for the for the stress element solving system (164) recovers the Hellinger-

Reissner functional, 

 ( )* *

*
( ) ( )

s t f f p
z Re d p p d constant= − + − + − +∫ ∫u t t u nΓ φ Γ�   
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for domain approximations that satisfy locally the domain equilibrium condition, 

as implied by the primary and dependent approximations (107) and (105) under 

the equilibrium constraints (110) and (111). 

 

3.10 Closure 

The derivation of Trefftz elements is often muddled by the fact that the domain 

approximation basis locally satisfies all domain conditions of the problem. This 

source of confusion is strengthened by the existence of two alternative models and 

the multiple fields involved in the modelling of the response of incompressible 

soft tissues. 

The option followed here is to derive first the hybrid formulation, where the 

constraints on the domain basis are weaker and better focused: the only constraint 

set a priori in the development of the stress (displacement) model is to ensure that 

the domain equilibrium (compatibility) condition is locally satisfied. 

The need to complement the domain approximation with an independent 

boundary approximation follows naturally from the derivation of the finite 

element equations, namely boundary forces and boundary displacements for the 

stress and displacement models. 

Duality, the vector representation of the invariance of the inner product in all 

finite element mappings (approximations), is used consistently to support the 

implementation of the approximation criteria adopted in the development of the 

alternative stress and displacement models. 

This derivation shows that the alternative displacement and stress models of the 

hybrid-Trefftz formulation are based on the direct approximation of the 

displacements in the solid and fluid phases and the stress and pressure fields, 

respectively, in the domain of the element. In the displacement (stress) model, the 

boundary and the inter-element displacement (force) continuity conditions are 

enforced explicitly in both the fluid and solid phases of the mixture. 
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This approach leads to the independent definition of the weak forms of static 

and kinematic admissibility, which are related with the weak implementation of 

the constitutive relations. It is noted that the mixture incompressibility condition is 

locally respected in the derivation of the displacement model and enforced on 

average in the alternative stress model. The finite element solving systems are 

derived by direct combination of the basic finite element equations. These systems 

are sparse, well-suited to adaptive refinement and parallel processing. 

The Trefftz constraint is then enforced on the finite element equations derived 

for the hybrid formulation. Besides satisfying locally all domain conditions, 

including now the incompressibility condition (and independently of the model 

being used), the use of Trefftz bases ensures that the finite element model contains 

the essential information on the mechanics of the problem, a feature that justifies 

the good rates of convergence illustrated in the following chapters. Moreover, the 

all terns present in the finite element solving systems are now defined by 

boundary integral expressions. 

Finite element formulations are often derived using the virtual work concept or 

enforcing stationary conditions on particular energy forms. They are related with 

the approach followed here by establishing the energy statements associated with 

the finite element solving systems. In addition, mathematical programming theory 

is used to establish sufficient conditions for uniqueness and multiplicity of the 

solutions these systems may produce. 
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CHAPTER 4 

PLANE STRAIN AND PLANE STRESS PROBLEMS 

 

 

4.1 Introduction 

This chapter addresses the application of the Trefftz variant of the hybrid finite 

element formulation to the solution of linear, two-dimensional models of soft 

tissue specimens. It is organized in two main parts. The first part addresses the 

basic aspects of numerical implementation and the second part the assessment of 

the solutions produced by the alternative stress and displacement models of the 

hybrid-Trefftz finite element formulation. 

The Cartesian description of the system of equations governing the response 

of a saturated porous element subject to a typical forcing frequency ω is recalled 

first to support the subsequent derivation of the formal solutions of the 

homogeneous form of the governing system (90), which are used to set up the 

finite element approximation basis. 

As the procedure used to implement this basis is quite distinct from that that 

typifies the implementation of conventional elements, it is convenient to clarify 

first the discretization technique used here, as well as the identification of 

Neumann and Dirichlet boundaries for the alternative stress and displacement 

finite element models. 

The definition of the domain and boundary approximation bases that support 

the implementation of these alternative models is addressed next. Particular 

attention is paid to the definition of the displacement potentials that solve the 

homogeneous form of the governing system of differential equations (90) and to 

the characterization of the stress, pressure, strain and displacement fields that form 
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the finite element approximation bases implemented in all applications reported 

here. 

As the numerical implementation of hybrid-Trefftz displacement and stress 

elements are discussed in detail elsewhere [116,118,175], the issues that are 

addressed here are limited to those that are central to the present application, 

namely the definition of the finite element approximation bases, the assemblage 

and solution of the finite element solving system. 

The stress and displacement models of the hybrid-Trefftz finite element 

formulation for incompressible biphasic media are applied, in the second part of 

the chapter, to the analysis of the response of hydrated soft tissues in both 

frequency and time domains. 

Well-established testing problems reported in literature, namely the unconfined 

indentation and the confined and unconfined compression tests implemented on 

cartilage specimens, are used to illustrate the quality of the finite element pressure, 

stress and displacement estimates. 

The spectral formulation is used to support the assessment of the performance of 

the element in terms of pattern and rate of convergence under both p- and h-

refinement procedures, as well as its sensitivity to quasi-incompressibility of both 

solid and fluid phases, mesh distortion and wavelength excitation. 

The formulation for time domain analysis is implemented in a single time step, 

using a wavelet basis to support the application of a non-periodic spectral 

decomposition time integration method. The variation in time of velocity, pressure 

and stress components at particular control points is illustrated for each test. Time 

frames of the response are presented to illustrate the quality of the solutions 

obtained for the pressure and stress fields in the specimen and for the 

displacements in its solid and fluid phases. 
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4.2 Basic Equations 

Omitting the body-force and initial solution terms, the explicit Cartesian 

description of equations (98)-(100) is the following, for plane stress problems, 

where the stiffness format of the constitutive relations is used for convenience: 

 

s

xx s f

x y x x xs

yy s s f

y x y y ys

xy

0 u u
p i

0 u u

σ

σ φ ωζ

σ

 
∂ ∂ ∂  −      

+ =      ∂ ∂ ∂ −       
 

 (183) 

 

f s

x x x

f f s

y y y

u u
p i

u u
φ ωζ

∂  −   
=   

∂ −    
 (184) 

 

0

0

s

xx x s

xs

yy y s

ys

xy y x

u

u

ε

ε

γ

   ∂
     

= ∂    
     ∂ ∂   

 (185) 

 { } 0

s f

s x f x

x y s f

s y f y

u u

u u

φ φ

φ φ

 + 
∂ ∂ = 
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 (186) 

 

s s

xx xx

s s

yy yy

s s

xy xy

2 2 0

2 2 0
1

0 0 1

σ ν ε
µ

σ ν ε
ν

σ ν γ

    
    =    −    −    

 (187) 

The definitions above, with the equivalent Poisson ratio /( )1ν υ ν<> −  and the 

effective shear modulus µ , hold for plane strain applications. Their combination 

yields system (90), where the following identifications hold for the gradient 

operator and its conjugate, 

 
x y

y x

∂ +∂   
∇ = ∇ =   

∂ −∂   

�  (188) 

and where the (square of the) P- and S-wavenumbers are ( )2 21
p s2

k 1 kν= −  and 

/2 2

s
k i k µ= − , respectively. 

The expressions for boundary conditions (101) and (104) are, 
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s

xx

x y x xs

yy s

y x y ys

xy

n 0 n n t
p

0 n n n t

σ

σ φ

σ

 
      

+ =      
      

 

 (189) 

 { }
f

x

x y f

y

u
n n w

u

  
= 

  
 (190) 

where 
x

n  and 
y

n  are the components of the unit outward normal vector. 

 

4.3 Discretization 

It is assumed that the specimen under analysis is discretized into elementary 

domains and that their sides are in turn discretized into boundary elements. Thus, 

the term boundary element is used here to define the faces of solid elements or, as 

in the present application, the sides of two-dimensional elements, or any 

subdivision of these limiting forms. 

 
G
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y
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Figure 4.1: Illustration of confined compression test. 

 

The illustration presented in Figure 4.1 depicts a two-element mesh used to 

model a confined compression test, referred to a global Cartesian system of 

reference. It is used to support the description presented next on the 

characterization of the basic finite element data, on the local coordinate systems 

used in the implementation of the finite element approximation bases, and on the 

identification of the Neumann and Dirichlet boundaries for meshes of stress and 

displacement elements. 
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This description is designed to exploit fully the fact that all finite element 

matrices and vectors are defined by boundary integral expressions and has been 

simplified to accommodate the rather basic geometric forms that characterize 

benchmark tests reported in the literature on soft tissue modelling. 

4.3.1 Nodes 

To exploit fully the finite element formulation being used, no constraints are set a 

priori on the geometry of a typical element, which may not be finite in dimension, 

convex or simply connected. To support this option, the topography of the mesh is 

characterized by three basic entities, namely nodes, defined by their co-ordinates, 

boundary elements, defined by the end-nodes and appropriate analytical 

expressions, and domain elements, identified by their bounding elements. 

As it shown below, the geometry of the mesh is fully characterized by the mesh 

nodal coordinates, measured in the global system of reference, say { , }i i i T

G G G
x y=x  

for node i. Thus, the data of the two-element mesh discretization shown in Figure 

4.1 consists in the definition of the co-ordinates of six nodes. 

4.3.2 Boundary elements 

Instead of using the geometric mappings that characterize the isoparametric 

transformation concept, the analytical description of the geometry of each 

boundary element is uniquely defined by assigning each boundary element to a set 

of nodes, supported by a code that identifies the type of analytical function that 

describes its shape, e.g. polynomial, spline, trigonometric, circular or elliptic 

shapes. 

In the present application, it suffices to use linear sides which are identified by 

the end-nodes. For instance, boundary element 1 of the mesh shown in Figure 4.1 

is identified by the ordered pair { }1 2 . This information implicitly identifies the 

orientation of local system of reference assigned to the boundary element, as 

illustrated in Figure 4.2, and is used to define the length and the inclination of the 

side, ( ) ( )
j i 2 j i 2

G G G G
L x x y y− + −=  and ( ) /( )

j i j i

G G G G
tan y y x xβ = − − , the 
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components of the unit outward normal and tangent vectors, { }
T

x y
n n+ +n =  and 

{ }
T

y x
n n− +t = , with 

x
n sinβ+=  and 

y
n cosβ−= , and the parametric description 

of the side geometry: 

 
i

G G
s= +x x t  (191) 
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Figure 4.2: Global and local coordinate systems. 

 

4.3.3 Domain elements 

The geometry and the connectivity of the mesh are established by assigning an 

ordered sequence of boundary elements to each domain element. For the 

illustration shown in Figure 4.1, domain elements 1 and 2 are defined by the 

following side assignment sequences { }+1 +4 6 3− −  and { }+2 +5 7 4− − , 

respectively, where sign ±1 establishes the relative orientation of the outward 

normal. 

The regular domain approximation bases defined below are referred to local 

Cartesian systems assigned to each domain element, say system ( , )x y  in the 

illustration of Figure 4.2. In order to improve the conditioning of the finite 
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element matrices, this system is centred on the barycentre of the domain element 

and identified with its principal directions. 

As the element may have an arbitrary shape, boundary integral expressions of 

the first and second moments of the shape are used to determine the position of the 

barycentre, { , }
T

o o o
x y=x , and the principal direction, defined by parameter η  in 

Figure 4.2. The local and global systems of reference are related through the 

vector mapping, 

 ( )
G o

η= +x x L x  (192) 

where L  is the Lamé rotation matrix: 

( )
cos sin

sin cos

θ θ
θ

θ θ

− 
=  
 

L  

It is shown below that it is convenient, for the sake of compactness, to express 

the domain approximation functions in a polar co-ordinate system ( , )r θ , in the 

notation used in Figure 4.2. Thus, the following definitions are used to relate force 

and stress vectors expressed in polar and Cartesian co-ordinates, 

( )
p

θ=t L t , ( )
p

θ= Mσ σσ σσ σσ σ  

where { , }
T

x y
t t=t , { , }

T

P r
t tθ=t , { , , }

T

xx yy xy
σ σ σ=σσσσ , { , , }

T

p rr rθθ θσ σ σ=σσσσ  and M  

is the tensor transformation matrix: 

( )

1 cos 2 1 cos 2 2 sin 2
1

1 cos 2 1 cos 2 2 sin 2
2

sin 2 sin 2 2cos 2

θ θ θ

θ θ θ θ

θ θ θ

+ − − 
 = − + 
 − 

M  

Similar relations hold for the corresponding displacement and strain 

transformations: 

( )
p

θ=u L u , ( )
p

θ= Mε εε εε εε ε  
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4.3.4 Neumann and Dirichlet boundaries 

It is convenient to use the illustration presented in Figure 4.1 to clarify the 

definitions used here for Neumann, Dirichlet and mixed boundary elements in 

meshes formed with the alternative displacement and stress models of the hybrid-

Trefftz finite element formulation. 

Irrespectively of the model being used, boundaries 1 and 2 of the mesh shown in 

Figure 4.1 are Dirichlet boundaries, in the sense that all relevant displacement 

components are prescribed: 
s s

x y
u = u = 0  and 

f

y
w= u = 0− . Conversely, boundaries 

6 and 7 are Neumann boundaries, as all relevant force components are prescribed: 

s

x
t = 0 , 

s

y
t = t−  and p = 0 . Boundaries 3 and 5 are mixed boundaries as they are 

associated with prescribed force and displacement components: 
s

y
t = 0 , 

s

x
u = 0  and 

w= 0 . 

The interelement boundary 4 is interpreted differently in the alternative stress 

and displacement models. It is treated as a Neumann boundary when stress 

elements are used, as the inter-element force continuity condition is explicitly 

enforced (on average), 

{ , , } { , , }s s domain 1 s s domain 2

x y boundary 4 x y boundary 4
t t p t t p= −  

and is treated as a Dirichlet boundary in the formulation of the alternative 

displacement element: 

{ , , } { , , }s s f domain 1 s s f domain 2

x y y boundary 4 x y y boundary 4
u u u u u u= +  

 

4.4 Domain Approximation Basis 

As stated by equations (105) and (107), the displacement approximations in the 

solid and fluid phases of the elements are expressed in form, 

 
s r

in V= +u Uz R z  (193) 

 
f r

in V= +u Wz R z  (194) 
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by collecting in each column of matrices U  and W  the strain-inducing solutions 

of the homogeneous governing system of differential equations (90), while each 

column of matrix R  collects the components of each rigid body displacement 

mode. 

Definitions (184) and (187) are used to determine the stress and pressure modes 

associated with the strain inducing displacement modes and set up matrices S  and 

P  present in definition (107) for the stress and pressure field approximation, 

which can be written in form,  

 
s

in V=σσσσ S z  (195) 

 
p

p P in V= P z + z  (196) 

where scalar P  defines the constant pressure mode. 

It is recalled that approximations (193) and (194) are the primary 

approximations in the development of the displacement model and that role is 

played by approximations (195) and (196) in the development of the alternative 

stress model. 

The regular solutions defined below are referred to the local Cartesian system of 

the domain element they are implemented on, that is, system ( , )x y  in the 

illustration of Figure 4.2. When singular solution modes are used, they are centred 

on the source of the singularity. It is convenient to use polar coordinates, 

2 2 2r x y= +  and ( )arctan y/xθ = , to express the approximation functions in 

compact, complex forms. 

4.4.1 Trefftz potentials 

The general solution for the harmonic potential present in definition (92), 

 ( )m
r exp in with n mϕ θ= = ±  (197) 

generates polynomial modes in ( , )x y  for m 1>  and singular solutions for m 1< . 

Alternative singular and discontinuous solutions are found for potentials ln( r ) , 

θ , and ln( r )θ . 
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The displacement potential associated with the harmonic pressure field solution 

(93),  

 ( ) ( )m
p 4m m 1 r exp in with n mµ θ= − + = ±  (198) 

is defined by: 

 ( )m 2
in r exp in with n mϕ θ+= = ±  (199) 

This solution generates polynomial and singular pressure fields for m 0>  and 

m 0< , respectively. It is noted that the three rigid-body displacement modes, 

associated with null pressure fields, and the constant pressure mode, associated 

with null displacement fields, are particular cases of the constant and harmonic 

pressure solutions (92) and (93) with m 1=  and m 0= , respectively. 

The Helmholtz pressure field solution (94) is defined by, 

 ( ) ( )
m p

p W k r exp in with n mθ= − = ±  (200) 

where the m
th

 order Bessel function 
m m

W J≡  is of the first kind for regular 

solutions and of the second kind for singular solutions, 
m m

W Y≡ . Ingoing and 

outgoing waves are modelled by Bessel functions of the third kind, the so-called 

Hankel functions 
(1)

m m m
W J iY≡ +  and 

(2)

m m m
W J iY≡ − , respectively. 

4.4.2 Trefftz approximation functions 

The regular Trefftz solutions for two-dimensional problems are defined below in 

polar coordinates, e.g. { }T

rr r
S S Sθθ θ=S  and { }T

r
U Uθ=U  for stress and 

displacement modes, respectively. 

The point co-ordinates are defined by the non-dimensional radius, /rρ = � , and 

the angle, θ , measured in the element local system of reference, with origin at its 

barycentre and determined by its principal directions. The geometry of the 

element is described by its largest dimension, 2� , and by its area, Ω . The scaling 

parameters 
1

s  and 
2

s  are so chosen as to generate diagonal coefficients of the 

elementary dynamic matrices with norms close to unity. In the expressions 
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summarized below, m  is a non-negative integer, n m= ±  and /n m 1δ = = ± , with 

0δ =  for m n 0= = . 

Besides the (nontrivial) constant pressure field, 

 P P 1, ,= = = = =S 0 U W 0  (201) 

and the rigid-body displacement mode, 

 
cos sin 0

P 0, ,
sin cos

θ θ

θ θ ρ

 
= = = = =  − 

S 0 U W R  (202) 

the regular Trefftz solutions are the following: 

• Null pressure solution: ( ) / /2 2

1 2
m 1, s 2 m 1 , s 2µ Ω> = − =� � , with P 0=  and 

=W U  

 ( )m 21

2

1
s

1 exp in
s

i

ρ θ

δ

−

+ 
 

= − 
 
 

S  (203) 

 ( )m 1

1 2

11
exp in

is s
ρ θ

δ
−

+ 
=  

 
U  (204) 

• Harmonic pressure solution: ( ) / /2 2

1 2
m 0, s 2 m 1 , s 2µ γ Ω> = + =� �  

 ( )m1

2

2s
P exp in

ms
ρ θ= −  (205) 

 ( )m1

2

1
s

1 exp in
s

i

ρ θ

δ

+ 
 

= − 
 
 

S  (206) 

 ( )
( )

m 1

1 2

11
exp in

i m 2 / ns s
ρ θ+

+ 
=  

+ 
U  (207) 

 
( )

( )
( )

m 1

2

f s 1 2

14 m 1
exp in

ik s s
ρ θ

δφ
−

+ +
= +  

 
W U

�
 (208) 
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• Helmholtz pressure solution: ( ) /2 2

1 p 2
m 0, s k / 1 , s 4µ ν γ Ω≥ = − = � , with 

1

s f
φ φ −= −W U  

 ( )1

m

2

s
P 4 W exp in

s
θ= −  (209) 

 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

m m 2 m 2

1

m m 2 m 2

2

m 2 m 2

2 1 W 1 W W
s

2 1 W 1 W W exp in
s

i 1 W W

υ υ

υ υ θ

δ υ

+ −

+ −

+ −

+ − − + 
 

= + + − + 
 − − 

S  (210) 

 ( )
( )

m 1 m 1

m 1 m 11 2

W W1
exp in

i W Ws s
θ

δ
+ −

+ −

− 
=  

− + 
U  (211) 

Parameter γ  is defined by the following norms, 

 
( )

( )2

f s

4 m 1
1

m k
γ

φ

+
= −

�
  

 ( ) ( ) ( )

p

m 1 m 1 m m 1 m 1 m 1 m 1

z k

1ˆ ˆ ˆ ˆW W W m 1 W W m 1 W W
z

υ
γ + − − + + −

=

−
 = − + + − − 

�

  

for the harmonic and Helmholtz pressure solutions, respectively. It is recalled that, 

for regular solutions, ( ) ( )
n n p

W z J k r= , with ( )n

n n
W 1 W− = − , for n  integer, and 

( ) ( )
n n

ˆ ˆW z W z= . 

Figures 4.3 and 4.4 illustrate the variation of the real part of the complex stress 

and displacement modes defined by equations (203) and (204) for the null 

pressure solution. The material constants used are the modulus of elasticity 

E 0.45 MPa=  and Poisson’s ratio 0.126υ = . 

Illustrations of the stress, pressure and displacement modes associated with the 

harmonic pressure solution defined by equations (206), (205) and (207), 

respectively, are shown in Figures 4.5 and 4.6. Besides the material constants used 

in the null pressure solution, it is now necessary to define the permeability, the 

fluid fraction and the forcing frequency. The values used are 

-15 4 -1 -1
1.16×10 m N sκ = , 

f
0.8φ =  and 

1
= 0.01 rad sω −

, respectively. 
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The same data is used to plot the pressure, stress and displacement modes 

defined by the Helmholtz pressure solution shown in Figures 4.7 and 4.8. The 

modes obtained increasing the forcing frequency fifty fold, 
1

= 0.5 rad sω −
, are 

presented in Figures 4.9 and 4.10. These plots are shown to stress the difficulties 

that may be encountered in numerical integration caused by the Bessel functions 

with complex arguments, which model flat fields with highly oscillating fringes. 

The higher their complex argument the higher oscillations they produce, as shown 

in Figure 4.11. The complex part of the same Bessel functions, with complex 

argument, behaves similarly. The amplitude of the argument of Bessel functions in 

the Helmholtz pressure solution is influenced mainly by the forcing frequency and 

the typical dimension of the element.  
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Figure 4.3: Stress modes for null pressure solutions                               

( m = n = 3 ). 
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Figure 4.4: Displacement modes for null pressure solutions                  

( m = n = 3 ). 
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Figure 4.5: Stress and pressure modes for harmonic pressure solutions 

( m = n = 3 ). 
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Figure 4.6: Displacement modes for harmonic pressure solutions          

( m = n = 3 ). 
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Figure 4.7: Stress and pressure modes of the Helmholtz pressure solution 

( m = n = 3 , 
1

= 0.01 rad sω −
). 
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Figure 4.8: Displacement modes for the Helmholtz pressure solution     

( m = n = 3 , 
1

= 0.01 rad sω −
). 
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Figure 4.9: Stress and pressure fields for the Helmholtz pressure solution 

( m = n = 3 , 
1

= 0.5 rad sω −
). 
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Figure 4.10: Displacement modes for the Helmholtz pressure solution  

( m = n = 3 , 
1

= 0.5 rad sω −
). 

 



 97 

2 4 6 8 10
z

-100

-50

50

100

150

JHn, z+Â zL

 

10 20 30 40 50
z

-4µ1013
-2µ1013

2µ1013
4µ1013
6µ1013
8µ1013

JHn, z+Â zL

 

Figure 4.11: Real part of the second order Bessel function with complex argument.  

 

4.4.3 Dimensions of domain bases 

Spurious solutions are naturally absent from Trefftz bases built on the constant 

pressure (201) and the three rigid-body modes (202), the null pressure (frozen 

mode) solutions (203)-(204), the harmonic pressure solutions (205)-(208), and the 

Helmholtz pressure solutions (209)-(211). 

These results show that the null pressure mode solutions and the harmonic 

pressure solution modes are associated with polynomial bases. The Helmholtz 

pressure solution modes are described by wavenumber-dependent Bessel 

functions. They are sensitive to high forcing frequency excitations, in which case 

their handling requires particular care to ensure the necessary levels of accuracy in 

the determination of the integral definitions they are associated with. 

It can be verified, also, that the Trefftz basis contains a frequency independent 

family of frozen mixture modes, 
s f

=u u , with dimension ( )
V

2 d +1 , besides the 

constant pressure and three rigid-body modes, with a family of incompressible 

modes, and two families of unfrozen mixture modes, 
s f

≠u u , namely a P-wave 

mode associated with an Helmholtz pressure field and an S-wave mode associated 

with an harmonic pressure field, with dimensions 
V

2 d +1  and 
V

2 d , respectively. 

Thus, the dimension of the domain approximation used in the implementation of 

a regular (non-singular) approximation (193)-(194) is, for a uniform degree and 

order 
V

d ,  

 ( )
V V

N 6 d +1=  (212) 
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for a displacement element, while this dimension is, 

 
V V

N 6 d +4=  (213) 

in the implementation of the alternative stress element, according to the primary 

approximation (107) 

 

4.5 Boundary Approximation Basis 

The independent boundary approximations are defined by equations (118), (119) 

and (120), (121) for the alternative hybrid-Trefftz stress and displacement models, 

respectively. 

These approximations are defined on the boundary coordinate system, using the 

normal and tangent components of the force and displacement vectors, namely 

{ , }s s s T

n t
t t=t  and { , }s s s T

n t
u u=u . 

The boundary functions collected in the approximation matrices Ζ  are typically 

Legendre or Chebyshev polynomials, say functions ( )
n

Z ξ  defined on the interval 

1 1ξ− ≤ ≤ + . They are organized as follows for components of the solid phase, 

 :
0 1

t u

0 1

Z 0 Z 0
( ) or ( )

0 Z 0 Z
ξ ξ

 
 
 

Ζ ΖΖ ΖΖ ΖΖ Ζ
�

�
 (214) 

and for the fluid phase: 

 [ ]:
p w 0 1
( ) or ( ) Z Zξ ξΖ ΖΖ ΖΖ ΖΖ Ζ �  (215) 

Naturally, only the relevant row of the boundary approximation matrix (214) is 

taken in the implementation of a mixed boundary condition. 

According to approximations (120) and (121), if polynomials of degree dΓ  are 

implemented uniformly on each of the s sides of a displacement element, for each 

displacement component, the total number of degrees-of-freedom of the boundary 

approximations (120) and (121) is, at element level: 

 ( )N 3 s d +1Γ Γ=  (216) 
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The same dimension holds for the alternative stress element, assuming now that 

polynomials of degree dΓ  are used to implement approximations (118) and (119), 

that is, to approximate independently the two displacement components of the 

solid phase and the outward normal displacement of the fluid phase on each 

boundary of the element. 

Dimensions (212), (213) and (216) are used to evaluate the elementary 

indeterminacy numbers defined by equations (149) and (163) in displacement and 

stress models, respectively. Their extension to the assembled mesh level is 

immediate. 

 

4.6 Finite Element Arrays 

It has been stressed before that a central feature of the hybrid-Trefftz finite 

element formulation is that all arrays present in the alternative elementary solving 

systems (150) and (164) for the alternative displacement and stress models are 

defined by boundary integral expressions. 

The analysis of the definitions presented above for the arrays that intervene in 

these systems shows that there are basically two forms, namely the equilibrium 

and compatibility matrices and the vectors associated with the prescribed 

boundary conditions, which involve the integration on a prescribed boundary 

element, and the dynamic matrix and the vectors associated with body forces and 

initial conditions, which involve the integration on the boundary of each domain 

element of the mesh. 

In either case, the central issue is the integration of a function along a linear 

segment for the meshes that are needed to discretize the typical benchmark tests of 

soft tissue modelling: 

 ( )
L

0
f s dsℑ= ∫  (217) 
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This integral is computed using the Gaussian quadrature rule using the 

appropriate number of Gauss points, N, for polynomial functions of degree d, 

defined on the interval 1 1ξ− ≤ ≤ + , 

 
1

( ) ( ) ( )
2d 1

+1
1 1
2 2 n n1

n

L f s d L f s wξ ξ
−

−
=

ℑ= = ∑∫  (218) 

with ( )1
2

s L 1+ξ= , according to the illustration presented in Figure 4.2. The 

coordinates of the integration point in the element local system of reference, 

necessary to determine the domain approximation functions, is obtained from 

definitions (191) and (192): 

 ( ) ( )T i

G 0
sα= − +x L x x t   

When the kernel is highly oscillating, integral (217) is computed either by 

subdividing the length of integration, and extending thus result (218) into form, 

 
1

( ) ( ) ( )
k 2d 1

+1
1 1
2 2 n n1

m 1 n

L f s d L f s wξ ξ
−

−
= =

ℑ= = ∑∑∫   

where k is the number of (equally spaced) segments, to yield (2 )1
2k

s L m 1+ξ= −  

for the m
th

 segment, or by using an asymptotic approximation of the kernel: 

 [ ]( ) ( ) ( ) ( )
+1 +1 +1

1 1 1
2 2 20 01 1 1

L f s d L f s f s d L f s dξ ξ ξ
− − −

ℑ= = − +∫ ∫ ∫   

The first (well-behaved) term is integrated numerically, in form (218), and the 

second (oscillating) term is integrated analytically. 

 

4.7 Finite Element Solving Systems 

Assemblage of the elementary systems (150) and (164) for the displacement and 

stress models, respectively, to establish the solving system for the finite element 

mesh, is obtained by direct allocation of the contribution of the individual finite 

elements. As it is illustrated below, the assembled system preserves the same 

structure of the elementary governing systems. The computation and allocation of 
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the elementary finite element arrays is addressed below separately for the 

displacement and stress models. 

4.7.1 Displacement model 

The dynamic matrix for the hybrid-Trefftz displacement model (167) is computed 

at element level and assigned directly to the solving system in block-diagonal 

form. The general expression of its coefficients is: 

 ( )*[ ] ( )
L

*

d mn m n s m f m n0
sides

dsφ φ+ +∑ ∫D = U N S U W n P  (219) 

It is noted that the (null) terms associated with the rigid body modes are 

included in the definition of the dynamic matrix. 

The coefficients associated with the body force and initial solution terms, 

defined by equations (169) and (168), respectively, are also computed at element 

level and directly assigned to the system stipulation vector: 

 { } ( )
L

o * o o

r m m s0
sides

p ds= − +∑ ∫y R N nσσσσ   

 ( )*{ } ( )
L

* o o

o m m s s m f m0
sides

p dsφ φ= + +∑ ∫y U N U W nσσσσ   

To assign approximations (120) and (121) to the individual finite elements, it 

must be ensured that the same approximation is implemented on the interface of 

connecting domain elements, as is stated below, where k  and l  identify the side 

number of two finite elements connecting on side b  

 

k k

b b t t

t t l l

t t

+   
=   −   

I Z y
Z y

I Z y
 (220) 

 

k k

p pb b

p p l l

p p

1

1

 +   
=   −     

Z y
Z y

Z y
 (221) 

This condition is enforced by assigning the same weighing vector to the 

connecting finite elements and by building into the definition of the approximation 

matrix the information on the outward normal of the element side, described by 

parameter = ±1κ , 
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m b

n n
m k,l and n t, p= = =y y  (222) 

 
m b

n m n
m k,l and n t , pκ= = =Z Z  (223) 

to yield the following expressions for the boundary equilibrium matrices (144), 

where the components of the unit outward normal, present in vector n , are 

expected to be computed according to the orientation of the side  

 

* *
Lt p m tn m pn

* *0
t p m tn m pnmn

dsκ
  

=   
   

∫
B B U Z W n Z

b b R Z R n Z
 (224) 

and for the prescribed force and pressure vector: 

* *
L Lm m

* *0 0

r m mm

ds p ds
ε κ κ

     
= +     

     
∫ ∫

y U W
t n

y R R
 

The dual transformation of the diffusivity conditions (220) and (221) define the 

interelement displacement continuity conditions and is used to assemble the 

elementary compatibility equation in the solving system (150): 

 [ ]
k

bu

u bl

u

on Γ
 

+ − = 
 

x
I I x

x
 (225) 

 [ ]
k

bw

w bl

w

1 1 on Γ
 

+ − = 
 

x
x

x
 (226) 

In the assembled compatibility equation, the entries of the generalised 

displacement vectors 
u

x  and 
w

x  are set to zero on all interelement boundaries and 

computed from definitions (124) and (125) on the Dirichlet boundary of the finite 

element mesh. 

The resulting solving system for the example shown in Figure 4.1 when 

discretized using the hybrid-Trefftz displacement model is presented in Table 4.1, 

where the numbers in round (square) brackets identify the domain (boundary) 

elements of the mesh. 
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4.7.2 Stress model 

According to result (172), the stress element dynamic matrix is defined by the 

transpose, complex conjugate form of the dynamic matrix defined by equation 

(219) for displacement model: 
*

s d
=D D . This matrix, which contains now the 

constant pressure terms instead of those associated with the rigid body modes, is 

allocated to solving system in block-diagonal form, and the coefficients associated 

with the particular solution term, defined by equation (171), are directly allocated 

to the stipulation vector, in the (row) positions allocated to the domain element 

they are associated with:  

 ( ){ } ( ) ( ) ( )
L

o * o * o o

m m s m s s f f0
sides

dsε φ φ= + +∑ ∫x N S u nP u u   

To assign approximations (118) and (119) to the individual finite elements, it 

suffices to ensure that the same displacement boundary approximation is enforced 

on boundaries shared by connecting domain elements, as is stated below, where k  

and l  identify the side number of two finite elements connecting on boundary 

element b : 

 

k k

b b u u

u u l l

u u

+   
=   +   

I Z x
Z x

I Z x
 (227) 

 

k k

b b w w

w w l l

w w

1

1

+   
=   +   

Z x
Z x

Z x
 (228) 

This condition is enforced by assigning the same weighing vector to the 

connecting finite elements and by building into the definition of the approximation 

matrix the information on the outward normal of the element side, described by 

parameter = ±1κ , 

 
m b

n n
m k,l and n u,w= = =x x  (229) 

 
m b

n m n
m k,l and n u,wκ= = =Z Z  (230) 
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to yield the following expressions for the boundary compatibility matrices (157), 

where the components of the unit outward normal, present in vector n  and in 

matrix N , are assumed to be computed according to the orientation of the side, 

 
( ) ( )

( ) ( )

* *
Lu w m s m un s m wn

* *0
u w s m un f m wnmn

ds
P P

φ φ
κ

φ φ

 + 
=   

   
∫

B B N S nP Z nP Z

b b n Z n Z
 (231) 

and for the prescribed displacement vector: 

 
( )

( )

* *
L Lt m s m m

f* *0 0
p s m mm

ds w ds
P P

φ
φ

φ

     +
= +     

    
∫ ∫

x N S n P P
u

x n
  

The dual transformation of the diffusivity conditions (227) and (228) define the 

interelement displacement continuity conditions and is used to assemble the 

elementary compatibility equation in the solving system (164): 

 [ ]
k

bt

t bl

t

on Γ
 

+ + = 
 

y
I I y

y
 (232) 

 [ ]
k

p b

p bl

p

1 1 on Γ
  

+ + = 
  

y
y

y
 (233) 

In the assembled compatibility equation, the entries of the generalised 

displacement vectors 
t

y  and 
p

y  are set to zero on all interelement boundaries and 

computed from definitions (131) and (132) on the Neumann boundary of the finite 

element mesh. 

The general structure of the solving system obtained with the hybrid-Trefftz 

stress model for the example defined in Figure 4.1 is presented in Table 4.2. 

 

4.8 Solution and Post-Processing 

The resulting assembled system can be stored and solved using the efficient 

techniques that have been developed to handle sparse systems. Suitability to 

parallel processing results from the fact that all domain variables of the assembled 

system z  and 
r

z  (
p

z ) in the displacement (stress) model are strictly domain 



 107 

element-dependent and each boundary variable, 
t

y  and 
p

y  (
u

x  and 
w

x  in the 

stress model) is shared by, at most, two connecting elements [249]. 

It is recalled, also, that this structure simplifies the implementation of adaptive 

refinement procedures. To exploit the naturally hierarchical nature of the finite 

element domain and boundary bases, it suffices to add the rows and columns 

associated with the selected set of refinement modes [232]. 

For hybrid-Trefftz displacement model, system (150) generates uniquely 

defined estimates for the displacement fields in the solid and fluid phases, using 

the primary approximation (105), for the strain field in the solid phase, using the 

dependent approximation (106), and for the boundary forces, using the 

independent boundary approximation (120). The stress estimate is determined 

from the constitutive relations (64) through definition (107). 

This definition, together with system (150), shows clearly that the pressure field 

remains undetermined in the domain of the finite element mesh. Consequently, 

according to approximation (121), the only information that can be extracted in 

the post-processing phase of hybrid displacement elements is the pressure estimate 

on interelement sides and on the Dirichlet boundary of the mesh. 

The pressure estimate in the domain of the finite element mesh can be 

determined from definition (107), with the exception of the constant pressure 

mode in each element. This component can be estimated, in a non-unique form, by 

fitting the domain and boundary pressure estimates in each element, say element 

e, by adding a prescribed pressure value, 
0

p : 

 ( , ) ( , ) e

0
p x y = x y + pP z  

Although average fitting is the best option, the simplest procedure that can be 

used is to determine the corrective term by prescribing the pressure at a particular 

point ( , )x y  where the pressure is known, typically a boundary point of the 

element. 

In what regards the hybrid-Trefftz stress model, system (164) yields unique 

estimates for the stress, pressure and strain fields in each element, as determined 
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from equations (107) and (106). As for the displacement model, the 

incompressibility of the mixture is ensured exactly. 

System (164) yields unique estimates for the solid displacement components and 

for the outward normal component of the fluid displacement on the internal and 

external boundaries of the finite element mesh. They are determined from 

approximations (118) and (119) on the Neumann and internal boundaries of the 

mesh and defined by their prescribed values on the Dirichlet boundaries. 

System (164) shows that the rigid-body mode of the dependent displacement 

approximation (105) remains undetermined. This indeterminacy can be solved (in 

a non-unique way) by local or average fitting of the domain and boundary 

approximations of the displacement field. Except for this component, the 

displacements in the solid and in the fluid phases are uniquely determined when 

the hybrid-Trefftz stress element is used. 

In order to obtain the desired value for the displacements in solid and fluid 

phases, say u , a rigid-body correction is added to the domain displacement 

estimate: 

 
0

( , ) ( , ) e
1 0 y

x y x y
0 1 x

+ 
= +  

− 
u U z q  

As for the pressure correction, the rigid-body mode amplitude, 
0

q , can be 

determined by local or average fitting. When the first option is chosen, three 

values from the prescribed displacement boundary condition in two points of the 

same element are selected, say ( , )
1 1

x y  and ( , )
2 2

x y , and used to compute the 

rigid-body amplitude, for instance in form: 

 
0

( )

( )

( )

x e

x 1 1 1 1 1

y e

y 1 1 1 1 1

y e

y 2 2 2 2 2

u (x , y ) x , y 1 0 y

u (x , y ) x , y 0 1 x

u (x , y ) x , y 0 1 x

    + 
     = + −     
     −   

U z

U z q

U z
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4.9 Testing Problems 

The unconfined indentation and the compression of cartilage specimens under 

confined and unconfined conditions are frequently used in the literature on 

numerical modelling of incompressible biphasic media. The (plane strain) tests are 

represented in Figure 4.12 and the ramp-loading programmes used in the 

implementation of the time domain problems are defined in Figure 4.13, where u  

and σ  are the prescribed displacement and force, respectively. The force-driven, 

step-load programme is used only in the indentation test. All time domain tests are 

implemented in a single time step: 
max

t t 1,000 s∆ = = .  

 

h 
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y 
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x 

Incompressible 

cartilage sample 
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quadrant 
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h 

Figure 4.12: Indentation, confined and unconfined compression tests. 
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Figure 4.13: Loading programs. 

 

The finite element estimates for the displacement, stress and pressure are 

determined directly from approximations (105) and (107) for a given frequency. 

They are combined according to approximations (56) in the representation of their 

variation in time domain analyses. The estimates for the variation in time of the 

velocity fields are determined using approximation (57) and the integration rule 
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(61). No smoothing is used in the representation of the (double precision) finite 

element solutions presented below.  

 

4.10 Frequency Domain Tests 

The frequency domain tests are used to assess the sensitivity of the hybrid-Trefftz 

displacement and stress element to full incompressibility and shape distortion. 

They are used to illustrate, also, the convergence patterns obtained under p- and h-

refinement procedures, and the quality of the estimates obtained for the 

displacement, stress and pressure fields. 

The data used for the confined and unconfined compression tests on cartilage 

specimens shown in Figure 4.12 is the following [2]: width w 3.0 mm= , height 

h 2.0 mm= , modulus of elasticity E 0.442855 MPa= , Poisson’s ratio 0.126υ = , 

permeability 
15 4 1 1

1.16×10 m N sκ − − −= , and fluid fraction 
f

0.8φ = . The boundary 

conditions, the finite element meshes and the forcing frequencies that are used in 

the tests are summarized next. 

4.10.1 Boundary conditions 

The containing chamber is assumed to be rigid, impermeable and lubricated in all 

confined compression tests reported below, to yield the following boundary 

condition, 

 
s f s

n n xy
u u 0 and 0 on x 0, y 0 and x wσ= = = = = =  (234) 

where subscript n identifies the displacement component normal to the boundary. 

Two boundary conditions are considered, namely a prescribed displacement and a 

prescribed pressure applied to the permeable, lubricated loading platen: 

 
s s

y xy
u u and p 0 on y hσ= − = = =  (235) 

 
s s

yy xy
and p 0 on y hσ σ σ= − = = =  (236) 

Under the boundary conditions stated above, the confined compression test 

yields one-dimensional solutions of the form: 
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s f s

x x xy
u u 0 and 0 in Vσ= = =  (237) 

The two-dimensional problems defined by the unconfined compression tests, 

 /s s

xx xy
p 0 on x w 2σ σ= = = = ±  (238) 

are solved for two boundary conditions, namely a prescribed displacement applied 

to impermeable, adhesive end-platens,  

 /s s f

x y y
u 0 and u u u on y h 2= = = ± = ∓  (239) 

and a prescribed pressure applied to permeable, lubricated end-platens: 

 /s s

yy xy
and p 0 on y h 2σ σ σ= − = = = ±  (240) 

The alternative boundary conditions are summarized in Table 4.3 to support the 

interpretation of the results presented below. 

Table 4.3: Boundary conditions used in frequency domain tests. 

Test type Loading platen Loading program 

Permeable, lubricated Displacement-driven, Eq. (235) Confined compression, 

Eq. (234) Permeable, lubricated Force-driven, Eq. (236) 

Impermeable, adhesive Displacement-driven, Eq. (239) Unconfined compression, 

Eq. (238) Permeable, lubricated Force-driven, Eq. (240) 

 

4.10.2 Forcing frequencies 

The tests are implement for three values of the forcing frequency, namely 0.01 , 

0.10  and 
1

1.00 rad s
−

. They are selected to ensure a relatively wide range in the 

variation of the ratio between the characteristic length of the element, 
FE

L , and the 

wavelength of the excitation, λ , 

 / ( )/
FE p FE

r L Re k L 2λ π= =  (241) 

where ( )
p

Re k  is the real part of the P-wave number associated with the forcing 

frequency. This parameter is frequently used to control the implementation of the 

finite element method in the solution of time-dependent problems.  
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 Table 4.4: Length ratios, r, for testing meshes and frequencies. 

  Confined compression   Mesh Unconfined compression 

0.975 3.083 9.749 1x1  0.879 2.779 8.787 

0.487 1.541 4.874 2x2  0.439 1.389 4.394 

0.244 0.771 2.437 4x4  0.22 0.695 2.197 

0.01 0.10 1.00 ω (rad/s) 0.01 0.10 1.00 

 

The values summarized in Table 4.4 show that the variation covered by the tests 

reported here, r0.25 10< <
� �� �� �� �

, far exceeds the limits that are usually recommended 

in the literature. The typical lengths used in definition (241), 
FE

L , are the height 

and the diagonal length of the element in the (one-dimensional) confined and in 

the (two-dimensional) unconfined compression problems, respectively. 

4.10.3 Discretization 

The specimen under confined compression is discretized using a single-element, a 

2x2 - and a 4x4 -element mesh. The same regular, unbiased meshes are tested in 

the spectral analysis of the specimen subject to unconfined compression, using 

now the double symmetry of the problem, as shown in Figure 4.12. 

All tests are implemented on uniform approximations, meaning that the same 

order of approximation are used in every domain element, 
V

d , and boundary 

element, dΓ , of a given finite element mesh. In the notation used below, N defines 

the total number of degrees-of-freedom, that is, the dimension of the solving 

system in the explicit (non-condensed) forms (150) and (164) for hybrid-Trefftz 

displacement and stress elements, respectively. 

The typical lengths used in definition (241), 
FE

L , are the height and the diagonal 

length of the element in the confined and unconfined compression tests, 

respectively, as they represent one- and two-dimensional problems.  

In order to stress the effect of the forcing frequency in the response of the 

incompressible mixture, the confined compression test is solved for boundary 

condition (235). The variation along the height of the specimen obtained for the 
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vertical component of the displacement in the solid, normalized to the prescribed 

displacement, /s

y y
u uδ = − , is shown in Figure 4.14 and illustrates the boundary 

layer effect induced by increasing forcing frequencies. These results are obtained 

with the regular 4x4 -element mesh and approximation ( ; ) ( )
V

d d 11; 5Γ = , which 

yields a solving system (164) for hybrid-Trefftz stress element with dimension     

N = 1,648. 
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1.00

-0.2 0.0 0.2 0.4 0.6 0.8 1.0

r = 2.437 (1.00 rad/s)
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r = 0.244 (0.01 rad/s)

4x4 element mesh

r = LFE/λ = Re(kpL)/2π

η = y/h

δy

 

Figure 4.14: Profile of the vertical displacement in the solid phase. 

 

4.10.4 Incompressibility tests 

The domain approximation basis used in the implementation of the hybrid-Trefftz 

displacement and stress element satisfies the incompressibility condition of the 

mixture, as stated by equation (106). However, it is of interest to assess how the 

formulation responds to ill-posed problems and to the modelling of the response 

of a mixture in which each phase, solid and fluid, approaches full 

incompressibility. 

If the confined compression test, solved with regular 2x2 -element mesh, is 

implemented for the force driven test (236), the shear stress is null in the specimen 

and the load is transferred to the solid skeleton under a vanishing pressure as the 

Poisson ratio approaches the incompressibility limit ( ,s s

xx yy
σ σ σ→  and p 0→  as 

0.5ν → ), this is observed with both the displacement and stress models. 

Consequent upon the confinement conditions (234), the displacements tend to zero 
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in both phases of the mixture, to yield a null strain energy at the incompressibility 

limit. 

This is the behaviour illustrated by the graph shown in Figure 4.15, where EFE is 

the norm of the strain energy, Eref is the energy norm obtained with a Poisson ratio 

0.49ν =  and N9 represents the number of approximating digits, e.g. N9 3=  for 

0.4999ν = . 
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Figure 4.15: Quasi-incompressibility of solid and fluid phases. 

 

Shown in the same figure is the distinct response found in the unconfined 

compression test, under the same loading condition, stated by equation (240). The 

load is increasingly transferred to the solid skeleton (
s

yy
σ σ→  and 

, ,s s

xx xy
p 0σ σ →  as 0.5ν → ) in case of both hybrid-Trefftz displacement and 

stress elements, to expose a strain energy variation practically insensitive to the 

variation of the Poisson ratio. 

The enforcement of the incompressibility condition of the mixture (106) can be 

tested on the confined compression test modelling the confining chamber and the 

loading platen as rigid, impermeable and lubricated. When a prescribed 

displacement is enforced, 

 
s f s

y y xy
u u u and 0 on y hσ= = − = =  (242) 

systems (150) and (164) for hybrid-Trefftz displacement and stress elements, 

respectively, expose an ill-posed problem. In case of the hybrid-Trefftz 

displacement element, the equation associated with the average enforcement of the 
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prescribed displacement on the fluid is rendered linearly dependent and 

inconsistent. In case of hybrid-Trefftz stress element the mixture incompressibility 

condition in the compatibility equation yields the result 
u

=b 0  and 
w

=b 0  with 

vector 
p

0≠x , defined by equation (158). 

4.10.5 Mesh distortion tests 

The two mesh distortion schemes used to assess the sensitivity of the hybrid-

Trefftz finite element solutions for displacement driven confined and unconfined 

compression tests, defined by conditions (235) and (239), respectively, are 

represented in Figure 4.16. The sensitivity is measured in terms of the variation of 

the energy norm normalized to the value obtained for the undistorted mesh, 

0.5γ = , using the same approximation basis, of order eleven in the domain, 

V
d 11= , and five on the boundary, d 5Γ = . 
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Figure 4.16: Mesh distortion schemes for the confined 

and unconfined compression tests, respectively. 
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Figure 4.17: Mesh distortion sensitivity for the confined compression test. 
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The distortion scheme used in the implementation of the confined compression 

test (permeable, lubricated loading platen) is more demanding, as element 1 

collapses when the distortion parameter tends to zero, and the length of two sides 

of elements 2 and 4 tend to zero when the value of the distortion parameter 

approaches unity. This is the only effect captured by the distortion scheme used in 

the implementation of the unconfined compression test, modelled with 

impermeable, adhesive platens. The results presented in Figures 4.17 and 4.18 

show that the finite element solution is sensitive to gross mesh distortion only for 

the high forcing frequency being tested, when the typical length of the (initial, 

undistorted) element is four times larger than the length of the wave, as measured 

by definition (241). 
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Figure 4.18: Mesh distortion sensitivity for the unconfined compression test. 

 

4.10.6 Convergence tests 

The displacement driven loading program is used in the assessment of the 

convergence of the finite element solutions for both confined and unconfined 

compression tests, under boundary conditions (235) and (239). They are 

implemented on the single-element mesh and the (regular, unbiased) 2x2 - and 

4x4 -element meshes for an increasing refinement of the approximation bases, 

under the combination 
V

d 2d 1Γ= + . 

The results obtained are presented in Figures 4.19 and 4.20, where N defines the 

dimension of the solving systems (150) and (164), for hybrid-Trefftz displacement 

and stress elements, respectively. The strong convergence under p-refinement is 
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typical of hybrid-Trefftz elements and, for coarse meshes, the rate of convergence 

under h-refinement is directly affected by the boundary condition of the problem, 

which affect differently the alternative stress and displacement models [116]. In 

the present context, the rate of convergence is also affected by the ratio between 

the typical length of the element and the wavelength, which in the tests shown 

varies from 0.7 (4x4-element mesh) to 3.1 (single-element mesh), for the forcing 

frequency /0.10 rad sω = . The reference values for the strain energy norm 

correspond to stabilized solutions obtained with boundary approximations of order 

( ; ) ( )
V

d d 19;9Γ =  for both confined and unconfined compression tests. 

The results in Figures 4.19 and 4.20 are extracted from the energy convergence 

graphs shown in Figures 4.21 to 4.24, which illustrate the relative difficulty in 

recovering the solutions for high forcing frequencies. 
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Figure 4.19: Convergence patterns of displacement model for p- and h-refinement. 
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Figure 4.21: Energy convergence for different regular meshes and 

forcing frequencies (confined compression, displacement model). 
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Figure 4.22: Energy convergence for different regular meshes 

and forcing frequencies (confined compression, stress model). 
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Figure 4.23: Energy convergence for different regular meshes and forcing 

frequencies (adhesive unconfined compression, displacement model). 
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Figure 4.24: Energy convergence for different regular meshes and 

forcing frequencies (adhesive unconfined compression, stress model). 
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4.10.7 Stress, pressure and displacement estimates 

The confined compression test, under boundary conditions (234) and (235), and 

the unconfined compression test, under boundary conditions (238) and (239), are 

solved for the lowest forcing frequency, . /0 01 rad sω = . A non-uniform colour 

scale, defined by the bounds found for each field in each test, is used to enhance 

the representation of the stress, pressure and displacement estimates shown in 

Figures 4.27 to 4.26. The displacement components are normalized to the 

prescribed displacement, u , and the stress and pressure components are 

normalized to the reference stress /E u wσ = , where, it is recalled, E  is the 

modulus of elasticity and w  is the width of the specimen.  

The finite element solutions of confined compression test recover condition 

(237) and capture the one-dimensional nature of the problem, as shown by the 

results presented in Figures 4.25 and 4.26. These results show, also, that the inter-

element force and displacement continuity conditions are adequately modelled, as 

well as the Neumann and Dirichlet conditions of the problem. They are obtained 

with approximation ( ; ) ( )
V

d d 11;5Γ = . For the hybrid-Trefftz displacement 

element, it leads to solving systems (150) with a total of 114, 444 and 1,752 

degrees-of-freedom for the 1x1-, 2x2- and 4x4-element meshes, respectively. For 

the hybrid-Trefftz stress element, it leads to solving systems (164) with a total of 

94, 400 and 1,648 degrees-of-freedom for the 1x1-, 2x2- and 4x4-element meshes, 

respectively. 

The two-dimensional nature of the unconfined compression test (impermeable, 

adhesive loading platens) is illustrated by the stress, pressure and displacement 

estimates presented in Figure 4.27 and 4.28. They are obtained with the 2x2-

element mesh and approximation ( ; ) ( )
V

d d 11;5Γ = , leading to a total of 444 and 

412 degrees-of-freedoms for hybrid-Trefftz displacement and stress elements, 

respectively. 
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. .s
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Figure 4.25: Stress, pressure and displacement fields for                                       

the confined compression test (displacement model). 



 122 

   

.s

xx
1.179 0 051− ≤ ≤ +σ  .s

xx
1.179 0 051− ≤ ≤ +σ  .s

xx
1.179 0 051− ≤ ≤ +σ  

   

.s

yy9.360 0 405− ≤ ≤ +σ  .s

yy9.360 0 403− ≤ ≤ +σ  .s

yy9.360 0 403− ≤ ≤ +σ  

   

9.765 p 0− ≤ ≤  9.763 p 0− ≤ ≤  9.763 p 0− ≤ ≤  

   

. .s

y1 004 u 0 063− ≤ ≤ +  . .s

y1 000 u 0 066− ≤ ≤ +  . .s

y1 000 u 0 067− ≤ ≤ +  

   

. .f

y0 021 u 0 246− ≤ ≤ +  . .f

y0 017 u 0 250− ≤ ≤ +  . .f

y0 017 u 0 250− ≤ ≤ +  

Figure 4.26: Stress, pressure and displacement fields for                                      

the confined compression test (stress model). 
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Although the boundary and inter-element continuity conditions are modelled 

with sufficient accuracy for the coarse mesh used in the analysis, the estimates 

obtained show that convergence can be substantially improved either by 

modelling locally the high stress gradients developing at the end-points of the 

loading platens or by using an adequate, biased discretization. 

    

. .s

xx
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Figure 4.27: Stress and displacement fields for the unconfined compression test 

(displacement model). 
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Figure 4.28: Stress and displacement fields for the unconfined compression test 

(stress model). 
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4.11 Time Domain Tests 

The data used in the time domain tests is the following [36]: width w 6.35 mm= , 

height h 1.78 mm= , modulus of elasticity E 0.675 MPa= , Poisson’s ratio 

0.125υ = , permeability 
-15 4 -1 -1

7.6×10 m N sκ = , and fluid fraction 
f

0.83φ = . 

The displacement-driven, ramp-load program shown in Figure 4.13 is designed 

to reach a deformation of 5%  at instant 
0

t 500s= , which corresponds to a 

prescribed displacement u 0.0890mm=  in the indentation and confined 

compression tests, and u 0.0445mm=  in the unconfined compression test, as 

shown in Figure 4.12. The force-driven, step-load program is implemented with 

the indentation test, with 
o

t 10s=  and 100 Paσ = . 

The results are obtained using a non-periodic wavelet basis defined on the (unit) 

interval [239,240], with dimension N 256=  (family 3 and refinement 7). This 

high-order but rather stable basis is implemented on a single time step, as the 

support t∆  of the time basis ( )
n

T t  is identified with the full duration of the test. 

No use is made of the adaptive refinement capabilities of wavelet bases. 

Table 4.5: Boundary conditions used in time domain tests. 

Test type Loading platen Loading programme 

Confined compression,         

Eq. (234)  
Permeable, lubricated 

Displacement-driven,         

Eq. (235) 

Impermeable, adhesive 
Displacement-driven,        

Eq. (239) Unconfined compression,     

Eq. (238) 
Impermeable, lubricated. 

Displacement-driven,        

Eq. (243) 

Permeable, lubricated 
Displacement-driven,        

Eq. (245) Indentation,                           

Eq. (244) 
Permeable, lubricated Force-driven, Eq. (246) 

 

The confined and unconfined compression tests are modelled with a single-

element mesh and a regular mesh of 2x2 elements. The approximation used is 



 125 

( ) ( )
V

d ;d 11;5Γ =  in both instances. The 3x2-element mesh shown in Figure 4.12, 

with approximation ( ) ( )
V

d ;d 15;7Γ = , is used in the analysis of the indentation 

problem. The alternative boundary conditions that are tested are summarized in 

Table 4.5. The solutions shown below (non-uniform, scaled colour scales and no 

smoothing, as in the previous section) are frames extracted from the animations 

that can be accessed using the address www.civil.ist.utl.pt/HybridTrefftz. 

4.11.1 Confined compression test 

The modelling of the response of the cartilage specimen under the confined 

compression loading defined by conditions (234) and (235) (rigid, impermeable, 

lubricated confining walls and rigid, permeable, lubricated displacement-driven 

piston, see Table 4.5), is illustrated at the five instants of the loading process 

identified in Figure 4.31. The solutions presented in Figures 4.32 to 4.36 clearly 

illustrate the one-dimensional nature of the problem, as stated by equation (237). 

They confirm, also, the adequate enforcement of the boundary and inter-element 

continuity conditions, both in terms of displacement and flux. 
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Figure 4.29: Evolution in time of the confined compression test solution 

(displacement model). 

 

The build-up in stress and pressure is reached at the end of the loading phase, at 

instant 
B

t 500s= , when the still entrapped fluid shares a significant portion of the 

load. The stress relaxation phase is well captured in the illustrations presented in 

Figures 4.33 and 4.36. As the fluid leaves the cartilage, the load is transferred to 

the solid matrix,  leading to uniform stress  fields and  a vanishing pressure field in 
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Figure 4.30: Evolution in time of the confined compression test solution 

(stress model). 
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Figure 4.32: Solution at 
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the mixture. Due to the one-dimensional nature of the problem the solutions 

presented in Figures 4.32 to 4.36 are identical for both hybrid-Trefftz 

displacement and stress elements. 

The variation in time of the results obtained with a single-element mesh, and 

with a regular mesh of x2 2  elements, is shown in Figures 4.29 and 4.30. They 

recover the values reported in Vermilyea and Spilker [36], obtained with a mesh 

with x5 2  pairs of hybrid elements and a trapezoidal time integration rule, 

implemented with t 5s∆ =  (200 time steps). The co-ordinates of the control point 

are measured in the system of reference defined in Figure 4.12. 
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Figure 4.33: Solution at instant 

B
t 500s= . 

Figure 4.34: Solution at instant 

C
t 550s= . 
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Figure 4.35: Solution at instant 

D
t 640s= . 

Figure 4.36: Solution at instant 

E
t 850s= . 

 

4.11.2 Unconfined compression test 

The unconfined compression test represented in Figure 4.12 is useful to illustrate 

two distinct forms of response, namely a one-dimensional response, now in the x-

direction, and a fully two-dimensional response. The displacement-driven, ramp-

loading program defined in Figure 4.13, with u 0.0445mm= , is used in both tests, 

under the free-surface condition (238), as stated in Table 4.5. The two-

dimensional response is induced by boundary condition (239), to model the action 

of rigid, impermeable, adhesive loading platens. The one-dimensional response is 

induced using lubricated platens: 

 /s f s

y y xy
u u u and 0 on y h 2σ= = ± = = ∓  (243) 
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Figure 4.37: Evolution in time of the unconfined 

(lubricated) compression test solution (displacement model). 
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Figure 4.38: Evolution in time of the unconfined 

(lubricated) compression test solution (stress model). 

 

The results for unconfined compression test with lubricated platens are obtained 

with the 2x2-element mesh and approximation ( ; ) ( )
V

d d 11;5Γ = , leading to a total 

of 432 and 424 degrees-of-freedoms for hybrid-Trefftz displacement and stress 

elements, respectively. The evolution in time of results obtained at control point 

x w/ 2=  (outer surface) and any y − coordinate, since it is only x − dependent 

problem, with the regular mesh of x2 2  elements, in a single time step, 
3

t 10 s∆ = , 

is shown in Figures 4.37 and 4.38, for hybrid-Trefftz displacement and stress 

elements, respectively. The results are nearly identical. The solutions obtained at 

two instants, in the loading phase and close to the end of the test period, are 

presented in Figure 4.39. The one-dimensional solution (lubricated platens) 

confirms the adequate modelling of the boundary and inter-element displacement 
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and force continuity conditions. It is identical for both hybrid-Trefftz displacement 

and stress elements. 

  
.s

x0 u 1 348≤ ≤ +  .s

x0 u 1 625≤ ≤ +  

  
.f

x0 u 1 843≤ ≤ +  .f

x0 u 3 955≤ ≤ +  

  
.

s

y0 494 u 0− ≤ ≤  .
s

y1 000 u 0− ≤ ≤  

  
.

f

y0 494 u 0− ≤ ≤  .
f

y1 000 u 0− ≤ ≤  

  
s

xx0 3.051σ≤ ≤ +  .s

xx0 3 756σ≤ ≤ +  

  
s

yy3.518 3.137σ− ≤ ≤ −  s

yy7.135 6.665σ− ≤ ≤ −  

  
.0 p 3 051≤ ≤ +  .0 p 3 756≤ ≤ +  

Figure 4.39: Unconfined (lubricated) test solutions 

at instants 
A

t 230s=  and 
E

t 850s= . 

 

In case of unconfined compression test with perfectly adhesive platens, defined 

by boundary condition (239), the number of functions used in the domain 

approximation (107), for hybrid-Trefftz stress element, is 
V

N 70=  per element, 

with 
V

d 11=  in equation (213). The fifth-degree used in the boundary 
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approximations (118) and (119), d 5Γ = , yields solving systems (150) with 

dimensions N 100=  and N 412=  for the single- and 2x2-element testing meshes, 

respectively.  

Similarly, for hybrid-Trefftz displacement element, the number of functions 

used in the domain approximation (105) is 
V

N 72=  per element, with 
V

d 11=  in 

equation (212). The fifth-degree used in the boundary approximations (120) and 

(121), d 5Γ = , yields solving systems (164) with dimension N 444=  for the 2x2-

element mesh. 
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Figure 4.40: Evolution in time of the unconfined 

(adhesive) compression test solution (displacement model). 
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Figure 4.41: Evolution in time of the unconfined 

(adhesive) compression test solution (stress model). 
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.s

x0 u 1 038≤ ≤ +  .s

x0 u 0 222≤ ≤ +  

  

.f

x0 u 2 218≤ ≤ +  .f

x0 u 4 315≤ ≤ +  

  

. .
s

y0 510 u 0 020− ≤ ≤  .
s

y1 000 u 0− ≤ ≤  

  

. .
f

y0 506 u 0 019− ≤ ≤  .
f

y1 000 u 0− ≤ ≤  

  
s

xx1.848 1.713σ− ≤ ≤ +  . .s

xx1 285 0 071σ− ≤ ≤ +  

  
s

yy15.957 0.730σ− ≤ ≤ +  s

yy9.674 6.410σ− ≤ ≤ −  

  

s

xy5.346 0.254σ− ≤ ≤ +  s

xy1.210 0.113σ− ≤ ≤ +  

  

.0 p 12 438≤ ≤ +  .0 p 0 468≤ ≤ +  

Figure 4.42: Unconfined (adhesive) test solutions 

at instants 
A

t 230s=  and 
E

t 850s=  (displacement model). 
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.s

x0 u 1 016≤ ≤ +  .s

x0 u 0 202≤ ≤ +  

  

.f

x0 u 2 189≤ ≤ +  .f

x0 u 4 303≤ ≤ +  

  

.
s

y0 506 u 0− ≤ ≤  .
s

y1 000 u 0− ≤ ≤  

  

.
f

y0 548 u 0− ≤ ≤  .
f

y1 000 u 0− ≤ ≤  

  
s

xx1.083 2.530σ− ≤ ≤ +  . .s

xx1 001 0 013σ− ≤ ≤ +  

  

s

yy13.854 1.746σ− ≤ ≤ +  s

yy8.682 6.479σ− ≤ ≤ −  

  

s

xy6.168 0.182σ− ≤ ≤ +  s

xy1.134 0.055σ− ≤ ≤ +  

  

.0 p 12 439≤ ≤ +  .0 p 0 501≤ ≤ +  

Figure 4.43: Unconfined (adhesive) test solutions 

at instants 
A

t 230s=  and 
E

t 850s=  (stress model). 
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The evolution in time of the unconfined (adhesive) compression test solutions 

obtained at control point x w/ 2=  and y 0= , with the hybrid-Trefftz displacement 

and stress elements, is shown in Figures 4.40 and 4.41, respectively. They are 

obtained implementing the time integration algorithm in a single time increment, 

3
t 10 s∆ = , and capture adequately the peaks in acceleration occurring at the end-

points of the loading phase. The two-dimensional test results (adhesive platens) 

recover the values reported by Vermilyea and Spilker [36] using a trapezoidal rule 

with time step t 5s∆ =  and a regular mesh of x12 6  pairs of elements. The 

solutions obtained at two instants, in the loading phase and close to the end of the 

test period, are presented in Figures 4.42 and 4.43, for hybrid-Trefftz displacement 

and stress elements, respectively. They confirm the adequate modelling of the 

boundary and inter-element displacement and force continuity conditions. It is 

noted that the relatively weak quality of the solutions for hybrid-Trefftz stress 

element results from the discretization in a single-element mesh. 

4.11.3 Indentation test 

In the indentation test represented in Figure 4.12, the loading platen is placed 

symmetrically and its length is a third of the width of the specimen. The reaction 

platen is modelled as rigid, impermeable and adhesive: 

 
s s f

x y y
u u u 0 on y 0= = = =  (244) 

Besides the free surface conditions, the boundary conditions are modelled with 

an permeable, lubricated platen and a displacement-driven ramp-loading 

(u 0.0890 mm= ), 

 
s f s

y y xy
u u u and 0 on y hσ= = − = =  (245) 

and with a permeable, lubricated platen subject to an impact load (
o

t 10s=  and 

100 Paσ = ): 

 
s s

yy xy
and 0 on y hσ σ σ π= − = = =  (246) 
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Figure 4.44: Evolution in time of the indentation 

(prescribed displacement) test solution (displacement model). 
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Figure 4.45: Evolution in time of the indentation 

(prescribed displacement) test solution (stress model). 
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Figure 4.46: Evolution in time of the indentation 

(prescribed force) test solution (displacement model). 
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. .s

x0 129 u 0 129− ≤ ≤ +  . .s

x0 335 u 0 335− ≤ ≤ +  

  

. .f

x0 194 u 0 194− ≤ ≤ +  . .f

x0 713 u 0 713− ≤ ≤ +  

  

. .− ≤ ≤ +s

y0 518 u 0 033  . .− ≤ ≤ +s

y1 004 u 0 063  

  

. .− ≤ ≤ +f

y0 183 u 0 863  . .− ≤ ≤ +f

y0 333 u 0 198  

  
s

xx3.193 1.867σ− ≤ ≤ +  s
xx. .5 217 2 174σ− ≤ ≤ +  

  
s

yy12.364 0.688σ− ≤ ≤ +  s

yy18.902 0.833σ− ≤ ≤ +  

  
s

xy2.008 2.008σ− ≤ ≤ +  s

xy3.241 3.241σ− ≤ ≤ +  

  

. .0 070 p 1 279− ≤ ≤ +  .0 p 0 053≤ ≤ +  

Figure 4.47: Indentation (permeable) test solutions 

at instants 
A

t 230s=  and 
E

t 850s= (displacement model). 
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s

xx3.046 2.133σ− ≤ ≤ +  s
xx. .5 630 2 632σ− ≤ ≤ +  

  

s

yy11.970 0.398σ− ≤ ≤ +  s

yy17.974 0.453σ− ≤ ≤ +  

  

s

xy2.330 2.330σ− ≤ ≤ +  s

xy3.594 3.594σ− ≤ ≤ +  

  

. .0 011 p 1 268− ≤ ≤ +  .0 p 0 050≤ ≤ +  

Figure 4.48: Indentation (permeable) test solutions 

at instants 
A

t 230s=  and 
E

t 850s=  (stress model). 

 

The stress, pressure and displacement fields, for hybrid-Trefftz displacement 

element, obtained with the permeable, lubricated platen subjected to a 

displacement-driven ramp-loading, are shown in Figure 4.47. They capture the 

solution found at two instants, in the loading phase and close to the end of the test 

period. The same test is implemented with the hybrid-Trefftz stress element. The 

stress and pressure fields obtained are presented in Figure 4.48. The evolution in 

time of the velocities in both the solid and fluid phases and the stresses and the 

pressure obtained at control point ( ) ( )x, y w/ 2,0.9h= , with the 3x2-element 

mesh, in a single time step, 3t 10 s∆ = , is shown in Figures 4.44, 4.45 and 4.46 for 

the two boundary and loading conditions tested. The tests are obtained with 
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approximation ( ; ) ( )
V

d d 15;7Γ = , which, when the displacement prescribed, leads 

to a total of 824 and 892  degrees-of-freedoms for the hybrid-Trefftz displacement 

and stress elements, respectively. The test for hybrid-Trefftz displacement element 

with prescribed forces is obtained with a total of 816 degrees-of-freedom. 

 

4.12 Closure 

The approximation bases used in the implementation of the alternative stress and 

displacement models of the hybrid-Trefftz finite element formulation for the 

analysis of soft tissue specimens are defined for two-dimensional applications, and 

the quality of the solutions they provide is assessed using benchmark tests defined 

in the literature. 

These tests illustrate well the high-performance levels that can be reached with 

Trefftz approximation bases, as stable and accurate solutions for each phase of the 

medium are obtained using relatively coarse finite element meshes and a relatively 

low number of degrees-of-freedom, a feature that had already been established in 

the solution of elastostatic problems. In both instances, this is a direct 

consequence of implementing the finite element method on a basis that embodies 

the physics of the problem being modelled.  

The tests reported here confirm the experience gained in elastostatics in what 

concerns the role played by the boundary approximation. As the domain 

approximation basis satisfies locally all domain conditions of the problem, the 

accuracy of the solution depends strongly on the constraints placed by the 

boundary basis through the enforcement of the inter-element and boundary 

conditions of the problem. 

The numerical implementation aspects are here commented in a rather succinct 

manner, as they do not differ substantially from the procedures used in the 

solution of elastostatic problems, which is adequately reported in the literature. 

Therefore, emphasis is placed on numerical testing, as the time dimension of the 
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present application poses new challenges and requires alternative testing 

procedures. 

The frequency domain tests are used to illustrate the patterns and rates of 

convergence that can be attained under both p- and h-refinement procedures. They 

show that the element is basically insensitive to gross distortion in shape and that 

the elements remain stable when both phases of the medium approach the 

incompressibility limit. The incompressibility of the mixture is ensured by the 

Trefftz approximation basis. 

The frequency domain tests are also instrumental to illustrate the marginal 

sensitivity of the elements to the wavelength of the excitation. Convergence is 

attained without remeshing, for ratios of the wavelength versus the typical 

dimension of the element that clearly improve the limits that constrain the 

implementation of conventional, hybrid and mixed finite elements reported in the 

literature. 

Time domain modelling of the response of hydrated soft tissue specimens is 

usually implemented using small-step trapezoidal integration rules. The option 

followed here is to exploit the linear nature of the model and implement the 

simulation in a single time step using a relative strong time approximation basis. 

As the time basis that is used is a system of wavelets, it became possible to 

model adequately the shock waves, associated with sharp peaks of the acceleration 

in each phase of the mixture. Moreover, the finite element estimates obtained for 

the stress, pressure, displacement and velocity fields remain stable and reach 

adequate levels of accuracy at every instant of the loading process. 
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CHAPTER 5 

AXISYMMETRIC PROBLEMS 

 

 

5.1 Introduction 

This chapter addresses the application of the Trefftz variant of the hybrid finite 

element formulation to the solution of linear, axisymmetric models of soft tissue 

specimens. 

The presentation follows the organization adopted in the previous chapter. The 

first part addresses the basic aspects of numerical implementation and the second 

part the assessment of the solutions obtained with the alternative stress and 

displacement models of the hybrid-Trefftz finite element formulation.  

The explicit description of the system of equations governing the response of a 

saturated porous element subject to a typical forcing frequency ω is stated first, to 

support the definition of the displacement potentials used to obtain the formal 

solutions used in the finite element approximation.  

The numerical implementation of hybrid-Trefftz displacement and stress 

elements is briefly commented, as it is similar to the implementation of the two-

dimensional models. The definition of the boundary approximation bases and the 

mesh assemblage procedure are not repeated, because they are identical to those 

presented for two-dimensional applications. 

The stress and displacement models of the hybrid-Trefftz finite element 

formulation for axisymmetric incompressible biphasic media, are applied, in the 

second part of the chapter, to the analysis of the response of hydrated soft tissues 

in both frequency and time domains. The testing strategy that is used is similar. 

The spectral formulation supports the assessment of the performance of the 

element in term of pattern and rate of convergence under both p- and h-refinement 
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procedures, as well as its sensitivity to quasi-incompressibility of both solid and 

fluid phases, mesh distortion and wavelength excitation.  

The formulation for time domain analysis is implemented in a single time step, 

using the same wavelet basis to support the application of the non-periodic 

spectral decomposition time integration method described in Chapter 3. The 

unconfined indentation and the confined and unconfined compression tests are 

implemented on soft tissue specimens to illustrate the quality of the pressure, 

stress and displacement estimates. The variation in time of velocity, pressure and 

stress components at particular control points is illustrated for each test. Time 

frames of the response are presented to illustrate the quality of the solutions 

obtained for the pressure and stress fields in the specimen and for the 

displacements in its solid and fluid phases. 

 

5.2 Basic Equations 

Omitting, for simplicity, the body-force and initial solution terms, the explicit 

description of equations (98) to (100) in cylindrical coordinates ( , , )r zθ  is the 

following, where λ  is the Lamé constant and µ  is the shear modulus: 

 

s

rr

s1 1 s f

rr z r r

ss1 s f

zzzz r z z

s

rz

r r 0 u u
p i

0 0 r u u

θθ

σ

σ
φ ωζ

σ

σ

− −

−

 
 

∂   + ∂ − ∂ −  
+ =      

∂∂ + ∂ −     
  

 (247) 

 

f s

r 1 r r

f f s

z z z

u u
p i

u u
ωζ φ −

∂  − 
=   

∂ −   
 (248) 
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s 1 s
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s s

zz z z

s

rz z r

0

r 0 u

0 u

θθ

ε

ε

ε

γ

−

   ∂
   
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 { }
s f

s r f r1

r z s f

s z f z

u u
r 0

u u

φ φ

φ φ
−

 + 
+ ∂ ∂ = 

+  
 (250) 
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2 0
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θθ θθ

λ µ λ λσ ε

λ λ µ λσ ε

λ λ λ µσ ε

µσ γ

+    
    +    =   

 +   
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The expressions for boundary conditions (101) and (104) are, 

 
0 0
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The P- and S-wavenumbers are defined by: 

 
2 2

2 2

p s

i k i k
k , k

2λ µ µ
= − = −

+
  

The differential operators present in equations (90) to (94) vectors are defined as 

follows: 

 
r z

1

z r
r

−

∂  ∂ 
∇ = ∇ =   

∂ − − ∂   

�   

 { } { }* 1 *

r z z r
r

−∇ = + ∂ ∂ ∇ = ∂ −∂�   

 
2 * 1 2 * 2 2

rr r zz
r r

− −∇ = ∇ ∇ = ∂ + ∂ + ∂ ∇ = ∇ ∇ = ∇ −� � �   

 

5.3 Discretization 

As it is illustrated in Figure 5.1, two global systems of reference are used. One 

system is the global cylindrical co-ordinate system, ( , , )Gr zθ , with 
G

z  defining the 

axis of symmetry. The axisymmetric element is referred to a local co-ordinate 

system ( , )r z , with origin at the axis of symmetry, 0r = , and containing the 

barycentre of the element at 0z = , as shown in Figure 5.1. 
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Figure 5.1: Global and local coordinate systems. 

 

As for two-dimensional applications, the geometry of the test specimen and of 

the finite elements is measured in a supporting Cartesian system of co-ordinates, 

( , )
M M

x y  and ( , )
e e

x y , as shown in Figure 5.1. Denoting by ( , )
o o

x y  the 

coordinates of the element barycentre measured in co-ordinate system of the 

mesh, the co-ordinates ( , )r z  for a point in a typical element are defined by 

following expressions, 

 
o o e

r r x x= + +  (254) 

 
e

z y=  (255) 

with: 

 
G

r r=   

 
G 0

z z z= +   

The elements may still have an arbitrary geometry, to exploit the fact that all 

finite element matrices have boundary integral expressions. As for the two-



 145 

dimensional applications described in the previous chapter, the geometry of each 

element side is described in parametric form, using a side coordinate system, s . 

 

5.4 Boundary Approximation Basis 

The definition and characterization of Neumann, Dirichlet and mixed portions of 

the boundary of the testing specimen is identical for two-dimensional and 

axisymmetric analyses. Therefore, the approximation criteria described in Section 

4.5 still apply to the modelling of axisymmetric problem, with due adaptation of 

the intervening variables. 

 

5.5 Domain Approximation Basis 

The Trefftz approximation basis is defined below in two alternative systems of co-

ordinates. The description in cylindrical co-ordinates is useful to implement 

regular finite element meshes. The spherical co-ordinate system is more 

appropriate to implement irregular elements, in terms of conditioning of the 

solving system and sensitivity to shape distortion. 

5.5.1 Trefftz potentials in cylindrical coordinates 

The general solution for the harmonic potential present in definition (92) is, 

 ( , ) ( ) ( )
0 r z

r z W k r exp k zϕ δ=  (256) 

where ( )
0

W s  is the Bessel function of order zero, and ±1δ = . On the axis of 

symmetry, r 0= , this solution generates regular fields if the Bessel function is of 

the first kind, ( ) ( )
0 0

W s J s= , and singular fields if the second kind function is 

selected, ( ) ( )
0 0

W s Y s= . Hankel functions of the first and second kinds can be used 

to model incoming and outgoing waves, respectively. 

Solution (256) generates a trigonometric approximation in z by letting,  

 /
z r z

k = k = 2in L with n 0π >  (257) 

and (first kind) Bessel approximations in r by letting, 
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 /
r z n r

k = k = Lλ  (258) 

where 
n

λ  is the n
th

 positive root of ( )
0

J s , with /
r

s r L= . 

The displacement potential associated with the harmonic pressure field solution 

(93),  

 ( , )2

r
p 2k r zµϕ= −  (259) 

where relations (257) and (258) hold, is defined by: 

 ( , ) ( ) ( )
r 0 r z

r z k rW k r exp k zψ δ δ=  (260) 

The Helmholtz pressure field solution (94) is defined by equation (259), with, 

 / 2 2

z z r z p
k = 2in L and k = k + k with n 0π ≥  (261) 

for trigonometric approximations in z, and, for (first kind) Bessel approximations 

in r, by: 

 / 2 2

r n r z r p
k = L and k = k k with n 0λ − >  (262) 

 
r z p

k = 0 and k = k  (263) 

5.5.2 Trefftz potentials in spherical coordinates 

When spherical coordinates 
2 2 2

R r z= +  and /z Rξ =  are used, the general 

solution for the harmonic potential present in definition (92), 

 ( , ) ( )n

m
R R L with (m n)(m+ n+1)= 0ϕ ξ ξ= −  (264) 

generates polynomial modes in ( , )r z  when n 1>  and 
m m

L P=  is the Legendre 

polynomial of degree m n 1= > . The solution is singular on the axis of symmetry, 

with 1ξ = ± , when 
m m

L Q=  represents the special Legendre function of the second 

kind and order m . In either case, the solutions are singular at the origin for 

m ( n 1) 0= − + ≥ . 

The displacement potential associated with the harmonic pressure field solution 

(93),  
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 ( )( ) ( , )p 2 n 1 2n 3 Rµϕ ξ= − + +  (265) 

is defined by: 

 ( , ) ( )n 2 2 '

n
R R 1 Lψ ξ ξ ξ+= −  (266) 

This solution generates polynomial and singular pressure fields for n 0>  and 

n 0< , respectively. It is noted that the constant pressure mode, associated with 

null displacement fields, and the rigid-body displacement mode, associated with a 

null pressure field, are particular cases of the constant and harmonic pressure 

solutions. 

The Helmholtz pressure solution (94) is defined by equation (267), where the n
th

 

order Bessel function 
n

W  is of the first kind for regular solutions and of the second 

kind for singular solutions: 

 ( , ) ( ) ( ) ( ) ( ) ( )
1/ 2 1 1

2 2n p m
R R W k R L with m m+1 = n n+φ ξ ξ−= −  (267) 

Non-singular solutions on edges on the axis of symmetry with 0 1ξ≤ ≤  are 

built from potential defined above with 
m m

L P=  and letting, with k integer: 

 1
2

m k if 1 1 or m k if 0 1ξ ξ= − ≤ ≤ = − ≤ ≤  (268) 

 1
2

n = m+  (269) 

5.5.3 Trefftz bases 

The results presented below are defined in terms of non-dimensional co-ordinates, 

x rκ=  and y zκ= , and the pressure, stress, strain and displacement fields are 

scaled as follows, 

 ( / ) ( / ) ( ) ( ) ( )
1 1 1 1 1
2 2 2 2 22 2

s s s s s s f f
P Pα β α β αβ κ αβ κ αβ− − −

= = = = =S S E E U U U U   

where a is a material scaling parameter and the normalization parameter b is so 

chosen as to ensure that the real part of the diagonal coefficients of the dynamic 

matrix have unit values: 

 ( )( )1 * * *

s s s s f f
ˆRe dβ κ φ φ Γ−  = + + ∫ U N S U U n P   
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Besides the constant pressure and rigid-body modes, 

 
s s s f

P 1= = = = =S E 0 U U 0   

 { }T T

s s s f
P 0 0 1= = = = =S E 0 U U   

the Trefftz solutions that model the axisymmetric response of incompressible soft 

tissues are: 

• Constant pressure modes ( 2α µ= ): P 0=  and ( )
s

x, yϕ= ∇U : 

 
f s

=U U   

 { } ( )
T 1

s xx x yy xy
x 2 x, yϕ−= ∂ ∂ ∂ ∂E   

 { } ( )
T 1

s xx x yy xy
x x, yϕ−= ∂ ∂ ∂ ∂S   

• Harmonic pressure modes ( 2α µ= ): ( )P x,yϕ= �  and 
s

(x, y )ψ= ∇U � : 

 ( / ) ( )
1 2

f s f s
2 k x, yφ κ ϕ−= − ∇U U �   

 { } ( )
T 1 1 2

s xy y y xy yy
x x 2 x, yψ− −= ∂ ∂ − ∂ − ∂ ∂ − ∇E �   

 { }T 1 1 21
2s xy y y xy yy

x x (x, y )ψ− −= ∂ ∂ − ∂ − ∂ ∂ − ∇S �   

• Helmholtz pressure modes (
p

2 , kα λ µ κ= + = ): ( )P x, yφ=  and 

( )
s

x, yφ= ∇U : 

 
1

f s f s
φ φ −= −U U   

 { } ( )
T 1

s xx x yy xy
x 2 x, yφ−= ∂ ∂ ∂ ∂E   

 { } ( )
T 12 2 2 2

s xx x yy xy
x x, yµ µ µ µλ λ λ

α α α α α α α φ−= ∂ − ∂ − ∂ − ∂S   

The differential operators present in the equations above are expressed in 

variables x and y. In addition, the potential functions are assumed to satisfy the 

following differential equations: 

 ( ) =
2

x, y 0ϕ∇   
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 ( ) ( ) =
2

x, y + x, y 0φ φ∇   

 ( ) ( ) =
2

x, y + 2 x, yψ ϕ∇∇ ∇ 0� � �   

The length scaling parameter, κ , is defined below for the alternative cylindrical 

and spherical co-ordinate descriptions of the constant and harmonic pressure 

solution modes. It is noted that all solution modes satisfy locally the axial 

symmetry conditions: 

 
s f s

r r rz
U U 0 and S 0 at r 0= = = =   

5.5.4 Cylindrical Trefftz solutions 

The solutions summarized above are specialized here for the cylindrical Trefftz 

potentials, for co-ordinates x rκ=  and y zκ= : 

• Constant pressure modes, with 
r

kκ =  and conditions (257) and (258) 

( )( ) ( )

( )

( )

0

x 1

y 0

1
2xx 0 2

1 1
2x 0 2

yy 0

xy 1

1 W xx,y exp y

W

W

W W

x W W

W

W

ϕ δ

δ

δ

−

+=

∂ −

∂ +

∂ − −

∂ − +

∂ +

∂ −

 

 

• Harmonic pressure modes, with 
r

kκ = , 1= −�  and conditions (257) and (258) 

( ) ( ) ( )

( )

( )

( )

( )

0

y 0

1

x 0 1

xy 0 1

1

y 0

1

y xy 0 1

21
2yy 1 0

1 x, y xW x exp y

xW

x 2W xW

W xW

x W

x 2W xW

W xW

ψ δ δ

δ

δ

−

−

−

= +

∂ +

+ ∂ + −

∂ + −

∂ +

∂ + ∂ + −

∂ − ∇ + +�
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• Helmholtz pressure modes, with 
p

kκ = , 
, ,

/
r z r z p

k k k=  and conditions (261) to 

(263) 

( ) ( ) ( )

( )

( )

0 r z

x r 1

y z 0

21
2xx r 0 2

1 21
2x r 0 2

2

yy z 0

xy r z 1

1 x,y W k x exp k y

k W

k W

k W W

x k W W

k W

k k W

φ δ

δ

δ

−

= +

∂ −

∂ +

∂ − −

∂ − +

∂ +

∂ −

 

Besides the singular solutions, namely those associated with potential functions 

( )ln xϕ =  and ( )x y ln xψ = , it can be verified that the harmonic pressure mode 

includes a regular solution associated with potentials yϕ =  and 
3

xψ = , with 

8=� . 

The following results are useful in the analytical integration of the coefficients 

of the finite element matrices: 

 ( ) ( ) ( ) ( ) ( )
2

2

k k k k 1 k 1

x
W ax W ax xdx W ax W ax W ax

2
− +

 = − ∫   

 [ ]( ) ( ) ( ) ( ) ( ) ( )
k k k k 1 k 1 k2 2

x
W ax W bx xdx W ax W bx W ax W bx

a b
β α− −= −

−∫   

5.5.5 Spherical Trefftz solutions 

The solutions summarized in above are specialized here for the spherical Trefftz 

potentials, for co-ordinates x rκ=  and y zκ= , to yield 2 2R x yρ κ= = +  and 

/ /z R yξ ρ= = . In the equations below, L is the largest R-coordinate of the element, 

as measured to the axis of symmetry, and 21ζ ξ= − : 
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• Constant pressure modes, with 
1

Lκ −=  and n 1>  

( ) ( )

( )

( )

n

m

' n 1

x n 1

n 1

y n 1

1

xx x yy

1 ' n 2

x n 1

n 2

yy n 2

' n 2

xy n 2

x, y L

L

n L

x

x L

n n 1 L

n L

ϕ ξ ρ

ζ ρ

ρ

ϕ

ρ

ρ

ζ ρ

−

−

−

−

−

− −

−

−

−

−

−

= +

∂ −

∂ +

∂ − ∂ +∂

∂ −

∂ + −

∂ −

 

• Harmonic pressure modes, with 1Lκ −= , ( )( )n 1 2n 3= + +�  and n 0>  

( )
( )

( )
( )
( )

( )

( ) ( )

( )

( )

( ) ( )

( )

( )( )

( )

' n 2

n

' n 1

y n n 1

1 n 1

x n n 1

' 2 n

xy n 1 n n

1 ' n

y n n 1

1 n

y xy n 1 n

2 ' ' n1
2yy n 1 n

1 x, y L

2n L n 3 L

x n 2 L n 3 L

n L n 3 L n n 1 L

x 2n L n 3 L

x n L n n 1 n 2 L

L n n 2 L

ψ ζ ξ ρ

ζ ρ

ξ ρ

ξ ξ ρ

ρ

ξ ρ

ζ ξ ρ

+

+

−

− +

−

−

−

−

−

−

−

= +

∂ + + +

+ ∂ − − +

∂ + − + − +

∂ + + +

∂ + ∂ + − + +

∂ − ∇ + − +

�

�

� �

 

• Helmholtz pressure modes, with pkκ = , k 0≥  and conditions (268) and (269) 

( )

( )

( )

( ) ( ) ( )

( )

( )

( ) ( )( ) ( )

1/ 2

n m

1/ 2

' '

x n 1 m 1 n 1 m 1

1 / 2

y n 1 m 1 n 1 m 1

1

xx x yy

3 / 2

1 ' '

x n 1 m 1 n 1 m 1

1 / 2 2

yy n 2 m 2 n 2 m 2

1 x, y W L

W L W L
2n

mW L m 1 W L
2n

x 1

x W L W L
2n

m m 1 m 1 m 2 n 4n 3
W L W L

4n n 1 n 1 2

φ ρ ρ ξ

ρ
ζ

ρ

φ

ρ

ρ

−

−

− − + +

−

− − + +

−

−
−

− − + +

−

− − + +

= +

∂ − +

∂ + − +

∂ − ∂ + ∂ +

∂ − +

− + + −
∂ + + −

− + ( )( )

( )( )

n m

1/ 2

' ' '

xy n 2 m 2 n 2 m 2 n m

W L
n 1 n 1

m m 1 n
W L W L W L

4n n 1 n 1 n 1 n 1

ρ
ζ

−

− − + +




− + 

 +
∂ − − + 

− + − + 
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The Bessel functions are normalized as follows, where 
n

J  is the Bessel function 

of the first kind of order n, 
( 1 )

n
H  and 

( 2 )

n
H  are the Hankel functions and 

( ) ( )
p p

Re k R Im k Rρ = = − : 

 ( )max

n max n
W 2 e J

ρπ ρ ρ−=   

 ( )max ( 1 )

n max n
W 2 e H

ρπ ρ ρ−=   

 ( )max ( 2 )

n min n
W 2 e H

ρπ ρ ρ=   

The constant and harmonic pressure solutions given above are singular on the 

axis of symmetry when 
n n

L Q=  represents the special Legendre function of the 

second kind and order n . Non-singular solutions on edges on the axis of 

symmetry with 0 1ξ≤ ≤  are built using potential (264) with 1
2

m = n = k − , with 

k 3≥ , or using the alternative potential function, 

 ( )n n

n n
P ln 1 Pϕ ρ ξ ρ ρ= + +   

with n 2>  and where 
n

P  is a particular solution of the inhomogeneous Legendre 

equation: 

 ( ) ( ) ( )2 '' ' ' '

n n n n 1 n
1 P 2 P n n 1 P 2 P Pξ ξ −− − + + = −   

In the latter case, the displacement potential (266) for the regularized harmonic 

pressure mode is redefined as: 

 2 2 ' n

n

n 2
1 P

n 1
ξψ ρ ξ ϕ ρ

+ 
= − ∂ − 

+ 
  

The following results, where F is the generalised hyper-geometric function, are 

useful in the computation of Legendre functions of negative or fractional order: 

 ( ) ( )
n n 1

L Lξ ξ− −=   

 ( ) ( ( ))1
2

1 1 1
2 2 2k

P F k, + k;1; 1ξ ξ
−

= − −   

 ( ) ( ) ( ) ( ( ))1
2

' 3 31 1 1 1
2 2 2 2 2 2k

P k k F k, + k;2; 1ξ ξ
−

= − − + − −   
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5.5.6 Dimensions of domain bases 

In cylindrical solutions, besides the constant pressure and the rigid body mode for 

stress and displacement models, respectively, there are 
V

2 d +1  frozen modes and 

V
2 d +1  harmonic pressure modes with degree 

V
d  in the stress or displacement 

approximation, and 
V

2 d +1  regular Helmholtz pressure modes, defined by Bessel 

functions with the same order in the stress or displacement field approximation. 

Therefore, the dimension of the basis for a regular (non-singular) stress or 

displacement approximation is, for a uniform degree and order 
V

d : 

 
V V

N 6 d +4=  (270) 

This number is used to evaluate the indeterminacy number defined by equation 

(149) and (163) for both the displacement and stress models, respectively. 

In the spherical description, however, there are 
V

d 1−  frozen modes, 
V

d  

harmonic pressure modes and 
V

d +1  regular Helmholtz pressure modes and the 

dimension of the basis for a regular (non-singular) stress or displacement 

approximation is, for a uniform degree and order 
V

d : 

 
V V

N 3d=  (271) 

In order to increase this number, solutions with Legendre functions of first kind 

and second kind and of integer positive or negative order and fractional order, as 

well as different kinds of Bessel functions, may be combined. However, this 

affects strongly the conditioning of the solving systems when high values of the 

forcing frequency, ω , are used. Although it has been verified that the solving 

system is linearly independent, the numerical tests have shown that the nature of 

the functions, and numerical round-off, tend to induce the quasi-dependencies 

associated with ill-conditioning. 

 

 

 

 

 

 



 154 

5.6 Finite Element Arrays 

The solving systems (150) and (164) presented in Chapter 3 for the alternative 

displacement and stress models of the hybrid-Trefftz formulation of 

incompressible biphasic media hold for axisymmetric problems. 

The essential difference is the definition for the Trefftz approximation basis, 

defined above, as the same description is used for the boundary approximations, 

namely equations (120) and (121) for the displacement model and equations (118) 

and (119) for the stress model. 

The role played by each equation in systems (150) and (164) remains the same 

and the general expressions presented for the finite element equilibrium, 

compatibility and elasticity matrices and for the vectors associated with the 

prescribed displacements and forces are still valid. Thus, all arrays present 

boundary integral expressions that reduce now to form: 

 ( )
L

0
f s r dsℑ= ∫  (272) 

This integral is computed using the Gaussian quadrature rule using the 

appropriate number of Gauss points, N, for polynomial functions of degree d, 

defined on the interval 1 1ξ− ≤ ≤ + , 

 
1

( ) ( ) ( )
2d 1

+1
1 1
2 2 n n n1

n

L f s r d L r f s wξ ξ
−

−
=

ℑ= = ∑∫  (273) 

with ( )1
2

s L 1+ξ= , according to the illustration presented in Figure 4.2, with the 

side coordinate system valid also for axisymmetric problems.  

When the kernel is highly oscillating, integral (272) is computed either by 

subdividing the length of integration or by using an asymptotic approximation of 

the kernel, as described in Chapter 4 for the implementation of two-dimensional 

problems. 
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5.7 Solution and Post-Processing 

The Helmholtz pressure solution modes are described by wavenumber-dependent 

Bessel functions. Similarly to the two-dimensional applications reported in 

Chapter 4, these solutions are sensitive to the level of the forcing frequency. 

In particular, when the forcing frequency is high, see Figure 4.11, the handling 

of these solution modes requires particular care to ensure the necessary levels of 

accuracy in the determination of the integral definitions they are associated with. 

This influence is particularly strong for the spherical description of the Trefftz 

solutions, in which case a lower number of functions are available, forcing thus 

the use of higher orders to balance the indeterminacy number of the element.  
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Figure 5.2: Norm of the mechanical energy versus the forcing frequency. 

 

The graph shown in Figure 5.2 represents the variation of the mechanical energy 

obtained for the confined compression test using a regular 2x2 element mesh. 

Numerical instability, mainly caused by insufficient accuracy in numerical 

integration is evident for forcing frequencies higher than 0.5 rad/s. The results are 

obtained for the direct, untreated system, that is, for a system that is neither scaled 

nor regularized, using the spherical description of the Trefftz basis.  

The graphs presented in Figures 5.3, 5.4 and 5.5 show the variation of the 

condition number of the solving system under different scaling and regularization 

conditions. The condition number is measured as the ratio between the smallest 
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and the largest eigenvalues of the system (computed as described in Appendix B). 

The scaling procedure of the global system is stated in Appendix C. It is rather 

basic, as it consists simply in ensuring that the dynamic matrix has unit diagonal 

coefficients and that the coefficients in each column of the boundary equilibrium 

or compatibility matrices do not exceed unity. Regularization is implemented 

using Tikhonov’s method for ill-conditioned systems, which is briefly recalled and 

illustrated in Appendix D. 

The results shown in Figure 5.3 are obtained with unscaled and non-regularized 

systems, and illustrate two distinct sources of ill-conditioning. For very low 

frequencies, the governing Helmholtz equation coalesces to the Laplace equation, 

meaning that the Helmholtz solutions are close but never attain harmonic 

solutions. The second source of ill-conditioning is found for high forcing 

frequencies, which are associated with flat fields with highly oscillating border 

regions. 

The results shown in Figure 5.4. confirm that the first source of ill-conditioning 

is solved with the simple scaling procedure used here, which has a noticeable 

regularizing effect in the full range of frequencies being tested. Instability is still 

visible in the upper end of this range, which correspond to rather extreme values 

for the forcing frequency. The effect of Tikhonov’s regularization scheme, 

combined with system scaling, shown in Figure 5.5, is rather remarkable. 

Due to the characteristics of the testing problems used in the literature on 

modelling of hydrated soft tissues, all the results for axisymmetric problems 

presented later in this chapter are obtained using the cylindrical description of the 

Trefftz solutions, which proved to be less sensitive to numerical instability, as 

compared with the alternative spherical description used in the illustrations 

presented above. All results are obtained with scaled, non-regularized systems. 
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Figure 5.3: Condition number of unscaled and non-regularized systems. 
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Figure 5.4: Condition number of scaled and non-regularized systems. 
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Figure 5.5: Condition number of scaled and regularized systems. 
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5.8 Testing Problems 

The compression of cartilage specimens under the confined and unconfined 

conditions described in Chapter 4 for two-dimensional applications are also 

frequently used under axisymmetric conditions. The tests and the ramp-loading 

programme used in the implementation of the time domain problems are 

represented in Figure 5.6, where u  is the prescribed displacement. 
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Figure 5.6: Compression tests and the loading program. 

 

The testing strategy used in the assessment of two-dimensional applications is 

extended to axisymmetric problems. The first group of tests is implemented in the 

frequency domain and used to illustrate the performance of the hybrid-Trefftz 

elements in term of pattern and rate of convergence under both p- and h-

refinement procedures, as well as its sensitivity to quasi-incompressibility of both 

solid and fluid phases, mesh distortion and wavelength excitation. The second set 

of tests address time domain analyses. The results are obtained using a non-

periodic wavelet basis defined on the (unit) interval [239,240], with dimension 

N 256=  (family 3 and refinement 7). This high-order, stable basis is implemented 

on a single time step, as the support t∆  of the time basis ( )nT t  is identified with 
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the full duration of the test: 
max

t t 1,000 s∆ = = . As for the two-dimensional 

applications, no use is made of the adaptive refinement capabilities of wavelet 

bases. 

 

5.9 Frequency Domain Tests 

The data used for the confined and unconfined compression tests on cartilage 

specimens shown in Figure 5.6 is the following [2]: width .w 3 0 mm= , height 

h 1.0 mm= , modulus of elasticity E 0.45 MPa= , Poisson’s ratio 0.126υ = , 

permeability 
-15 4 -1 -1

1.16×10 m N sκ = , and fluid fraction 
f

0.8φ = . The boundary 

conditions, the finite element meshes and the forcing frequencies that are used in 

the tests are summarized next. 

5.9.1 Boundary conditions 

The containing chamber is assumed to be rigid, impermeable and lubricated in all 

confined compression tests reported below, to yield the following boundary 

condition, 

 
s f s

n n rz
u u 0 and 0 on z 0 and r w/2σ= = = = =  (274) 

where subscript n identifies the displacement component normal to the boundary. 

Two boundary conditions are considered, namely a prescribed displacement and 

a prescribed pressure applied to the permeable, lubricated loading platen: 

 
s s

z rz
u u and p 0 on z hσ= − = = =  (275) 

 
s s

zz zz
and p 0 on z hσ σ σ= − = = =  (276) 

Under the boundary conditions stated above, the confined compression test 

yields one-dimensional solutions of the form: 

 
s f s

r r rz
u u 0 and 0 in Vσ= = =  (277) 

The two-dimensional problems defined by the unconfined compression tests, 

 /s s

rr rz
p 0 on r w 2σ σ= = = =  (278) 
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are solved for two boundary conditions, namely a prescribed displacement applied 

to impermeable, adhesive end-platens,  

 
s s f

r z z
u 0 and u u u on z = 0 & z = h= = = ±  (279) 

and applied to permeable, lubricated end-platens: 

 
s f s

z z rz
u u u and p 0 on z = 0 & z = hσ= = ± = =  (280) 

and a prescribed pressure applied to permeable, lubricated end-platens: 

 /s s

yy xy
and p 0 on z h 2σ σ σ= − = = = ±  (281) 

5.9.2 Forcing frequencies 

The tests are implement for three values of the forcing frequencies, namely 0.01 , 

0.10  and 1.00 rad/s . They are selected to ensure a relatively wide range in the 

variation of the ratio, r, between the characteristic length of the mesh, 
FE

L , and the 

wavelength of the excitation, λ , as defined by equation (241). 

The ratios used here are in the range .0.5 r 7 25< <
� �� �� �� �

, which far exceeds the limits 

that are usually recommended in the literature.  

5.9.3 Discretization 

Six types of meshes are applied in the implementation of the frequency and time 

domain tests. A single-element mesh, a 2x2 -element mesh and a 4x4 -element 

mesh are used to discretize the specimen with one-dimensional response of the 

confined compression test and the unconfined compression test with perfectly 

lubricated platens, both implemented in frequency domain. A regular 4x1 -element 

mesh is used to model the two-dimensional response of the unconfined 

compression test with perfectly adhesive platens, implemented in frequency 

domain. The confined and unconfined (lubricated) compression tests, 

implemented in time domain, are both modelled with 4x1 -element mesh. A 

regular 5x1 -element mesh is used to model the two-dimensional response of the 

unconfined (adhesive) compression test. The unconfined indentation test is solved 

with the irregular 5x1-element mesh, shown in Figure 5.6. 
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Due to the nature of the approximation basis, the typical lengths used in 

definition (241), 
FE

L , is the largest dimension of mesh, as measured from the axis 

of symmetry. 

5.9.4 Incompressibility tests 

As it has been stated above, the Trefftz basis locally satisfies the incompressibility 

condition that is usually set on the modelling of hydrated soft tissues. Thus, the 

tests on incompressibility address two distinct issues, namely the illustration of 

how the formulation responds to ill-posed problems and to the modelling of the 

response of a mixture in which each phase, solid and fluid, approaches full 

incompressibility. 
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Figure 5.7: Quasi-incompressibility of solid and fluid phases. 

 

If the confined compression test, solved with the regular 2x2 -element mesh, is 

implemented for the force driven test (276), the results show that the shear stress 

is null in the specimen and that the load is transferred to the solid skeleton under a 

vanishing pressure as Poisson ratio approaches the incompressibility limit 

( , ,s s s

rr zzθθσ σ σ σ→  and p 0→  as 0.5ν → ). This response is recovered with both 

the displacement and the stress model. Consequent upon the confinement 

conditions (274), the displacements tend to zero in both phases of the mixture, to 

yield a null strain energy at the incompressibility limit. 

This is the behaviour illustrated by the graph shown in Figure 5.7, where EFE is 

the norm of the strain energy. It is convenient to recall that Eref is the energy norm 
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obtained with the Poisson ratio 0.49ν =  and N9 represents the number of 

approximating digits, e.g. N9 3=  for 0.4999ν = . The graph is identical for both 

hybrid-Trefftz displacement and stress elements. 

Shown in the same figure is the distinct response found for the unconfined 

compression test, using the regular 4x1 -element mesh and loading condition  

(281). The load is transferred to the solid skeleton (
s

zz
σ τ→  and 

, , ,s s s

rr rz
p 0θθσ σ σ →  as 0.5ν → ) for both displacement and stress elements, to 

expose a strain energy variation practically insensitive to the variation of the 

Poisson ratio. 

An ill-posed problem is set when the confined compression test is implemented 

for a prescribed displacement of the following impermeable, lubricated platen: 

 
s f s

z z rz
u u u and 0 on z hσ= = − = =  (282) 

The formulation of the displacement element exposes an ill-posed problem by 

rendering the equation associated with the average enforcement of the prescribed 

displacements as dependent and inconsistent. This equation is contained in the 

second set of equations of the solving system (150). 

A different reason justifies the exposure of these ill-posed problems when they 

are implemented using the stress element formulation. According to definition 

(157), the solving system (164) yields an impossible solution by setting the rows 

of matrices 
u

b  and 
w

b , associated with the explicit enforcement of the 

incompressibility condition on the elements of the mesh, to zero, which implies 

non-trivial coefficients in the stipulation vector 
p

x , defined by equation (158). 

5.9.5 Mesh distortion tests 

The two mesh distortion schemes shown in Figure 5.8 are used to assess the 

sensitivity of the hybrid-Trefftz finite element solutions under displacement driven 

and confined and unconfined compression conditions, stated by equations (275) 

and (279), respectively.  
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Figure 5.8: Mesh distortion schemes for confined and unconfined compression 

tests. 

 

The first, implemented on a regular 2x2-element mesh, is designed to induce a 

vanishing element, element 1, as the distortion parameter tends to zero, and to 

induce the collapse of the sides of two elements, elements 2 and 4, when the value 

of distortion parameter tends to unity. The second distortion scheme consists 

simply in rotating separately the interior vertical sides of a regular 4x1-element 

mesh. The end-limits of the distortion parameter imply the near collapse of the 

connecting horizontal sides. 
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Figure 5.9: Mesh distortion sensitivity for the confined compression test. 

 

The results obtained are represented in Figures 5.9 and 5.10. The sensitivity is 

measured in terms of the relative error in the energy norm normalized to the value 

obtained with the undistorted mesh, 0.5γ = , 

 FE

rel

ref

E
1

E
ε = −  
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It is stressed that the vanishing sides and elements are not removed from the 

description of the topology of the meshes, and that the finite element domain and 

boundary approximation bases remain unchanged during the distortion process, 

independently of the relative areas of the elements and of the relative lengths of 

their sides. 
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Figure 5.10: Mesh distortion sensitivity for the unconfined compression test. 

 

The orders of the approximation bases used in the solution of the confined 

compression tests are eleven in the domain, 
V

d 11= , and five on the boundary, 

d 5Γ = . They yield solving systems with dimensions N = 424  and N = 412  for 
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the displacement and stress models, respectively. The approximation bases of the 

stress model applied to the solution of the unconfined (adhesive) compression 

problem are 
V

d 15=  and d 7Γ = . The equivalent numbers used in the 

implementation of the displacement model are 
V

d 17=  and d 5Γ =  and d 3Γ =  on 

vertical and horizontal boundaries, respectively. The corresponding dimensions of 

the solving systems are N = 484  and N = 586 . 

The results presented in Figures 5.9 and 5.10 show that the finite element 

solution is rather insensitive to gross mesh distortion, and that they are marginally 

affected by the magnitude of the forcing frequency. They show, also, that 

displacement model is more insensitive than stress model and that, in case of 

unconfined compression test, a lower level of sensitivity is found when the 

distortion is implemented on sides 1 and 2. The differences found in the relative 

assessment of the alternative stress and displacement elements reflect the 

influence of the different boundary conditions set for each problem. 

5.9.6 Convergence tests 

The displacement driven loading program is used in the assessment of the 

convergence of the finite element solutions for confined compression tests, under 

boundary conditions (274) and (275). They are implemented on the single-element 

mesh and the (regular, unbiased) 2x2- and 4x4-element meshes for an increasing 

refinement of the approximation bases, under the combination 
V

d 2d 1Γ= + . 
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Figure 5.11: Convergence patterns for p- and h-refinement. 
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Figure 5.12: Energy convergence tests for regular meshes (displacement model). 
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Figure 5.13: Energy convergence tests for regular meshes (stress model). 
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The results obtained for displacement and stress models are presented in Figures 

5.11, 5.12 and 5.13, where N defines the dimension of the solving system and 

E FE ref
= 100(1 E /E )ε −  is the relative energy error. The strong convergence under 

p-refinement is typical of hybrid-Trefftz elements and, for coarse meshes, the rate 

of convergence under h-refinement is directly affected by the boundary condition 

of the problem, which affect differently the alternative stress and displacement 

models [116]. 

In the present context, the rate of convergence is not affected by the ratio 

between the typical length of the mesh and the wavelength. It is noted, however, 

that the confined compression test develops a boundary layer effect as the forcing 

frequency increases. To capture this effect adequately using unbiased meshes 

requires the use of increasing levels of both the p- and h-refinements. 

The reference values for the strain energy norm correspond to stabilized 

solutions obtained with boundary approximations of order ( ; ) ( )
V

d d 19;9Γ =  for 

both confined and unconfined compression tests. For a given meshes and for three 

values of the forcing frequencies, the results presented in Figures 5.12 and 5.13 

are determined by fixing the order of the approximation in the domain, 
V

d , and 

increasing the degree of the boundary approximation, dΓ , by one degree/order 

starting with the linear approximation, d = 1Γ . The graphs shown in Figure 5.11 

define the envelope of the results obtained, under the fixed combination 

V
d 2d 1Γ= +  and for the medium forcing frequency, = 0.1 rad/sω .  

The results presented in Figures 5.12 and 5.13 confirm two well-established 

results, namely that the convergence of hybrid elements may not be monotonic 

and that (quasi-) equilibrated and (quasi-) compatible solution (tend to) yield 

upper/lower and lower/upper limits to the exact energy solution of 

displacement/force driven loading programmes. It is recalled that strictly 

equilibrated solutions can be obtained by enforcing in strong form the Neumann 

and inter-element flux continuity conditions in the implementation of the hybrid 

stress element. Conversely, strictly compatible solutions can be obtained by 
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enforcing in strong form the Dirichlet and inter-element conformity conditions in 

the implementation of the alternative hybrid displacement element [212,213]. 

5.9.7 Stress, pressure and displacement estimates 

The confined compression test is solved for boundary condition (275) and the 

lowest forcing frequency considered here, . /0 01 rad sω = . The solutions recover 

condition (277) and capture the one-dimensional nature of the problem, as shown 

by the displacement model results presented in Figure 5.14. They show, also, that 

the inter-element force and displacement continuity conditions are adequately 

modelled, as well as the Neumann and Dirichlet conditions of the problem. They 

are obtained with approximation ( ; ) ( )
V

d d 11;5Γ = , leading to solving systems 

with a total of 103, 424 and 1,720 degrees-of-freedom for the 1x1-, 2x2- and 4x4-

element meshes, respectively. The stress model provides the same results with a 

total of 97, 412 and 1,696 degrees-of-freedom for the 1x1-, 2x2- and 4x4-element 

meshes, respectively. 

The unconfined compression test (impermeable, lubricated loading platens) 

defined in Figure 5.6 is solved for the same forcing frequency, /0.01 rad sω = , and 

the same prescribed deformation, stated by equation (280). The quasi one-

dimensional nature of the problem is illustrated by the stress, pressure and 

displacement estimates presented in Figures 5.15 and 5.16.  

They are obtained with the 1x1-, 2x2- and 4x4-element meshes and 

approximation ( ; ) ( )
V

d d 11;5Γ = , leading to 97, 412 and 1696 degrees-of-freedom 

for displacement model, respectively. The stress model, with degrees-of-freedom 

103, 424 and 1720, recovers the results obtained with displacement model. 

The unconfined compression test (impermeable, adhesive loading platens) 

defined in Figure 5.6 is solved for the same forcing frequency, /0.1 rad sω = , and 

the same prescribed deformation, as stated by boundary condition (279). The two-

dimensional nature of the problem is illustrated by the stress, pressure and 

displacement estimates depicted in Figures 5.17 and 5.18 for displacement and 

stress models, respectively.  
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. .s
rr1 373 0 149σ− ≤ ≤ +  . .s

rr1 369 0 117σ− ≤ ≤ +  .s
rr1.368 1 117σ− ≤ ≤ +  

   

. .s
1 370 0 118θθσ− ≤ ≤ +  . .s

1 368 0 117θθσ− ≤ ≤ +  . .s
1 368 0 117θθσ− ≤ ≤ +  

   

zz. .s
9 525 0 816σ− ≤ ≤ +  zz. .s

9 493 0 809σ− ≤ ≤ +  zz. .s
9 492 0 809σ− ≤ ≤ +  

   
.10 301 p 0− ≤ ≤  .10 301 p 0− ≤ ≤  .10 301 p 0− ≤ ≤  

   

. .f
z0 0139 u 0 251− ≤ ≤ +  . .f

z0 012 u 0 250− ≤ ≤ +  . .f
z0 012 u 0 25− ≤ ≤ +  

   

. .s
z1 000 u 0 005− ≤ ≤ +  . .s

z1 000 u 0 005− ≤ ≤ +  . .s
z1 000 u 0 005− ≤ ≤ +  

Figure 5.14: Stress, pressure and displacement fields (confined compression test). 
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.s
rr0 2 880σ≤ ≤ +  .s

rr0 2 880σ≤ ≤ +  .s
rr0 2 880σ≤ ≤ +  

   
. .s

1 991 2 814θθσ+ ≤ ≤ +  . .s
1 991 2 814θθσ+ ≤ ≤ +  . .s

1 991 2 814θθσ+ ≤ ≤ +  

   

zz. .s
5 750 5 283σ− ≤ ≤ −  zz. .s

5 750 5 283σ− ≤ ≤ −  zz. .s
5 750 5 283σ− ≤ ≤ −  

   
.3 231 p 0− ≤ ≤  .3 231 p 0− ≤ ≤  .3 231 p 0− ≤ ≤  

Figure 5.15: Stress and pressure estimates                                                 

(unconfined, lubricated compression test). 

 

They are obtained with a regular mesh of 4x1 elements, with the approximations 

V
d 15=  and 9dΓ =  on the vertical boundaries and d 5Γ =  on the horizontal ones, 

with N 622=  and N 508=  degrees-of-freedom for displacement and stress 

models, respectively. As it should be expected, the difference found in the results 

obtained with displacement and stress elements is a marginal deterioration in 

stress and pressure estimates and a marginal improvement in the displacement 

estimates. 

Although, the boundary and inter-element continuity conditions are modelled 

with sufficient accuracy with the coarse mesh used in the analysis, the estimates 

obtained show that convergence could be improved either by modelling locally the 
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high stress gradients developing at the end-points of the loading platens or by 

refining the discretization. 

A non-uniform colour scale, defined by the bounds found for each field in each 

test, is used to enhance the representation of the stress, pressure and displacement 

estimates shown in Figures 5.14 to 5. 18.  

The displacement components are normalized to the prescribed displacement, 

u , and the stress and pressure components are normalized to the reference stress 

/E u wσ = , where, it is recalled, E  is the modulus of elasticity and w  is the 

width of the specimen. 

 

   
. .f

z1 000 u 1 000− ≤ ≤ +  . .f
z1 000 u 1 000− ≤ ≤ +  . .f

z1 000 u 1 000− ≤ ≤ +  

   
. .s

z1 000 u 1 000− ≤ ≤ +  . .s
z1 000 u 1 000− ≤ ≤ +  . .s

z1 000 u 1 000− ≤ ≤ +  

   

.f
r0 u 1 536≤ ≤ +  .f

r0 u 1 536≤ ≤ +  .f
r0 u 1 536≤ ≤ +  

   
.s

r0 u 1 358≤ ≤ +  .s
r0 u 1 358≤ ≤ +  .s

r0 u 1 358≤ ≤ +  

Figure 5.16: Displacement estimates                                                        

(unconfined, lubricated compression test). 
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. .s
rr3 112 4 220σ− ≤ ≤ +  . .s

5 583 4 017θθσ− ≤ ≤ +  zz. .s
43 00 0 333σ− ≤ ≤ −  

   

rz. .s
11 567 11 520σ− ≤ ≤ +  . .21 69 p 0 085− ≤ ≤  . .s

r0 005 u 2 016− ≤ ≤ +  

   
. .s

z1 010 u 1 010− ≤ ≤ +  . .f
r0 049 u 2 040− ≤ ≤ +  . .f

z1 018 u 1 018− ≤ ≤ +  

Figure 5.17: Unconfined, adhesive compression test solutions            

(displacement model). 
 

   

. .s
rr2 828 4 111σ− ≤ ≤ +  . .s

5 403 4 063θθσ− ≤ ≤ +  zz. .s
44 675 0 388σ− ≤ ≤ +  

   

rz. .s
12 009 11 977σ− ≤ ≤ +  . .21 82 p 0 035− ≤ ≤  . .s

r0 002 u 2 088− ≤ ≤ +  

   
. .s

z1 043 u 1 011− ≤ ≤ +  . .f
r0 048 u 2 064− ≤ ≤ +  . .f

z1 040 u 1 004− ≤ ≤ +  

Figure 5.18: Unconfined, adhesive compression test solutions                        

(stress model). 
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5.10 Time Domain Tests 

The data used in the time domain test is the following [36]: width w 6.35 mm= , 

height h 1.78 mm= , modulus of elasticity E 0.675 MPa= , Poisson’s ratio 

0.125υ = , permeability 
-15 4 -1 -1

7.6×10 m N sκ = , and fluid fraction 
f

0.83φ = . 

The displacement-driven, ramp-load program, shown in Figure 5.6, is designed 

to reach a prescribed displacement u 0.0445mm=  at instant 
o max

t 500s 0.5t= =  

(stress relaxation), for both the confined and unconfined compression tests, as 

shown in Figure 5.6. 

The confined and unconfined (lubricated) compression tests are modelled with a 

regular mesh of 4x1 elements. The approximations used are 
V

d 15= , d 9Γ = on 

the vertical boundaries and d 5Γ = on the horizontal ones. The total number of 

degrees-of-freedom in the confined compression test is N 570=  and N 560=  for 

displacement and stress models, respectively. The corresponding values for the 

unconfined (impermeable lubricated) compression test are N = 574  and N = 556  

in displacement and stress models, respectively. The unconfined (adhesive) 

compression test is modelled with a regular mesh of 5x1 elements. The 

approximation basis used is the same, to yield N 785=  and N 635=  for the 

displacement and the stress model, respectively. 

The unconfined indentation test is solved with the irregular 5x1-element mesh 

shown in Figure 5.6 (two and three equally spaced elements under the loaded and 

unloaded regions of the axisymmetric specimen, respectively). The order and the 

degree of the domain and boundary approximation bases are 
V

d 15= , d 5Γ = , 

respectively, yielding a total of 649 and 643 degrees-of-freedom for the 

displacement and stress element meshes, respectively. 

The solutions shown below (no smoothing and non-uniform, scaled colour 

scales, as in the previous section) are frames extracted from the animations that 

can be accessed using the address www.civil.ist.utl.pt/HybridTrefftz. The 

approximations are obtained implementing the time integration procedure 

presented in Chapter 3 in a single time step. 
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s
z0.474 u 0− ≤ ≤  s

z1.000 u 0− ≤ ≤  

  
f

z0 u 0.097≤ ≤ +  f
z0 u 0.205≤ ≤ +  

  
s
rr0.464 0.146σ− ≤ ≤ −  s

rr0.658 0.434σ− ≤ ≤ −  

  
s

0.458 1.147θθσ− ≤ ≤ −  s
0.656 0.434θθσ− ≤ ≤ −  

  
s
zz3.205 1.028σ− ≤ ≤ −  s

zz4.591 3.039σ− ≤ ≤ −  
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0 p 2.168≤ ≤ +  0 p 2.210≤ ≤ +  

Figure 5.19: Loading and 

unloading phases. 

Figure 5.20: Solution at 

instant At 230s= . 

Figure 5.21: Solution at 

instant Bt 500s= . 
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s
z1.000 u 0− ≤ ≤  s

z1.000 u 0− ≤ ≤  s
z1.000 u 0− ≤ ≤  

   
f

z0 u 0.205≤ ≤ +  f
z0 u 0.205≤ ≤ +  f

z0 u 0.205≤ ≤ +  

   
s
rr0.578 0.481σ− ≤ ≤ −  s

rr0.540 0.517σ− ≤ ≤ −  s
rr0.531 0.527σ− ≤ ≤ −  

   
s

0.577 0.481θθσ− ≤ ≤ −  s
0.540 0.517θθσ− ≤ ≤ −  s

0.529 0.528θθσ− ≤ ≤ −  

   
s
zz4.040 3.368σ− ≤ ≤ −  s

zz3.778 3.621σ− ≤ ≤ −  s
zz3.704 3.697σ− ≤ ≤ −  

   
0 p 0.671≤ ≤ +  0 p 0.156≤ ≤ +  0 p 0.004≤ ≤ +  

Figure 5.22: Solution at 

instant Ct 550s= . 

Figure 5.23: Solution at 

instant Dt 640s= . 

Figure 5.24: Solution at 

instant Et 850s= . 
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5.10.1 Confined compression test 

The confined compression test is implemented with boundary conditions (274) 

and (275) to recover the one-dimensional response (277) of the cartilage 

specimen. The variation in time of the results is shown in Figures 5.25 and 5.26 

for the displacement and the stress model, respectively. 

These results recover the analytic solution presented in Ref. [2]. The 

displacement and stress models produce basically identical results. For the 

confined compression tests, the analytic results reported in the same reference 

predict that the fluid should flow upwards uniformly. Indeed, the results are 

uniform at any radial location. The co-ordinates of the control point are measured 

in the system of reference defined in Figure 5.6. 

The build-up in stress and pressure is reached at the end of the loading phase, at 

instant Bt 500s= , when the still entrapped fluid shares a significant portion of the 

load. The stress relaxation phase is well captured in the illustrations presented in 

Figures 5.19 to 5.24, which are obtained with the displacement model.  

As the fluid leaves the cartilage, the load is transferred to the solid matrix, 

leading to uniform stress fields and a vanishing pressure field in the mixture 

(
s s

rrθθσ σ≈  and 
s

0θθσ ≈  throughout the test). Again, the stress model provides 

identical results. 
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Figure 5.25: Confined compression test solution (displacement model). 
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Figure 5.26: Confined compression test solution (stress model). 

 

5.10.2 Unconfined compression test 

It is assumed that the loading platens are impermeable and that the interfaces 

between the specimen and platen surface are either perfectly lubricated or 

adhesive, as implemented with boundary conditions (279) and (280) to recover the 

response (278). The variation in time of the results for lubricated platens is shown 

in Figure 5.27. They recover the values reported in Spilker and Maxian [35], 

obtained with a twelve-element mesh of triangles (mixed-penalty method) or a 

fourteen-element mesh of quadrilaterals (penalty method) implemented with 

t 5s∆ =  (200 time steps). The solutions for displacement model obtained at four 

instants, in the loading phase, the loading peak, shortly after the peak and close to 

the end of the test period, are presented in Figures 5.28 and 5.29. The solutions 

obtained with the stress element are identical. 
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Figure 5.27: Unconfined, lubricated compression test solution            

(displacement model). 
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.s

r0 u 0 640≤ ≤ +  .s
r0 u 1 135≤ ≤ +  

  
.f

r0 u 0 888≤ ≤ +  .f
r0 u 1 917≤ ≤ +  

  
. .s

z0 474 u 0 474− ≤ ≤  . .s
z1 000 u 1 000− ≤ ≤  

  
. .f

z0 474 u 0 474− ≤ ≤  . .f
z1 000 u 1 000− ≤ ≤  

  
s
rr0 1.434σ≤ ≤ +  s

rr0 2.499σ≤ ≤ +  

  
s

0.871 1.434θθσ− ≤ ≤ +  s
1.400 2.499θθσ− ≤ ≤ +  

  
s
zz3.271 3.021σ− ≤ ≤ −  s

zz6.960 6.509σ− ≤ ≤ −  

  
.0 p 1 689≤ ≤ +  .0 p 3 116≤ ≤ +  

Figure 5.28: Unconfined, lubricated test solutions ( At 230s=  and Bt 500s= ). 
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.s

r0 u 1 065≤ ≤ +  .s
r0 u 0 780≤ ≤ +  

  
.f

r0 u 1 930≤ ≤ +  .f
r0 u 1 989≤ ≤ +  

  
. .s

z1 000 u 1 000− ≤ ≤  . .s
z1 000 u 1 000− ≤ ≤  

  
. .f

z1 000 u 1 000− ≤ ≤  . .f
z1 000 u 1 000− ≤ ≤  

  
s
rr0 2.336σ≤ ≤ +  s

rr0 1.330σ≤ ≤ +  

  
s

1.257 2.336θθσ≤ ≤ +  s
0.680 1.330θθσ≤ ≤ +  

  
s
zz6.977 6.554σ− ≤ ≤ −  s

zz7.050 6.803σ− ≤ ≤ −  

  
.0 p 2 964≤ ≤ +  .0 p 1 677≤ ≤ +  

Figure 5.29: Unconfined, lubricated test solutions ( Ct 550s=  and Et 850s= ). 
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.s

r0 u 0 508≤ ≤ +  .s
r0 u 0 670≤ ≤ +  .f

r0 u 1 052≤ ≤ +  

   
.f

r0 u 2 169≤ ≤ +  . .s
z0 472 u 0 472− ≤ ≤  . .s

z1 000 u 1 000− ≤ ≤  

   
. .f

z0 476 u 0 479− ≤ ≤  . .f
z1 002 u 1 002− ≤ ≤  s

rr0.732 0.552σ− ≤ ≤ +  

   
s
rr1.250 0.551σ− ≤ ≤ +  s

1.144 0.527θθσ− ≤ ≤ +  s
1.889 0.453θθσ− ≤ ≤ +  

   
s
zz9.130 0.963σ− ≤ ≤ −  s

zz14.361 3.081σ− ≤ ≤ −  s
rz1.733 1.781σ− ≤ ≤ +  

   
s
rz2.130 2.131σ− ≤ ≤ −  . .0 005 p 3 757− ≤ ≤ +  . .0 018 p 4 057− ≤ ≤ +  

Figure 5.30: Displacement model solutions for the unconfined, adhesive test,            

at instants At 230s=  and Bt 500s= , respectively. 
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.s

r0 u 0 485≤ ≤ +  .s
r0 u 0 238≤ ≤ +  .f

r0 u 2 144≤ ≤ +  

   
.f

r0 u 2 178≤ ≤ +  . .s
z1 000 u 1 000− ≤ ≤  . .s

z1 007 u 1 007− ≤ ≤  

   
. .f

z1 002 u 1 002− ≤ ≤  . .f
z1 016 u 1 016− ≤ ≤  s

rr1.084 0.300σ− ≤ ≤ +  

   
s
rr0.887 0.105σ− ≤ ≤ +  s

1.577 0.160θθσ≤ ≤ +  s
1.120 0.162θθσ− ≤ ≤ +  

   
s
zz11.883 3.522σ− ≤ ≤ −  s

zz8.382 3.361σ− ≤ ≤ −  s
rz1.513 1.524σ− ≤ ≤ +  

   
s
rz2.151 2.442σ− ≤ ≤ +  . .0 019 p 2 439− ≤ ≤ +  . .0 016 p 0 164− ≤ ≤ +  

Figure 5.31: Displacement model solutions for the unconfined, adhesive test,           

at instants Ct 550s=  and Et 850s= , respectively. 
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.s

r0 u 0 510≤ ≤ +  . .s
r0 060 u 0 654− ≤ ≤ +  .f

r0 u 1 040≤ ≤ +  

   

.f
r0 u 2 166≤ ≤ +  . .s

z0 481 u 0 481− ≤ ≤  . .s
z1 043 u 1 043− ≤ ≤  

   
. .f

z0 604 u 0 604− ≤ ≤  . .f
z1 115 u 1 115− ≤ ≤  s

rr1.465 0.779σ− ≤ ≤ +  

   
s
rr1.501 0.673σ− ≤ ≤ +  s

1.510 0.822θθσ− ≤ ≤ +  s
2.577 0.743θθσ− ≤ ≤ +  

   
s
zz13.34 1.638σ− ≤ ≤ −  s

zz20.26 4.428σ− ≤ ≤ −  s
rz2.870 2.872σ− ≤ ≤ +  

   
s
rz3.516 3.516σ− ≤ ≤ +  . .0 020 p 5 992− ≤ ≤ +  . .0 003 p 6 523− ≤ ≤ +  

Figure 5.32: Stress model solutions for the unconfined, adhesive test,                        

at instants At 230s=  and Bt 500s= , respectively. 
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. .s

r0 070 u 0 467− ≤ ≤ +  . .s
r0 109 u 0 223− ≤ ≤ +  .f

r0 u 2 148≤ ≤ +  

   

.f
r0 u 2 222≤ ≤ +  . .s

z1 049 u 1 049− ≤ ≤  . .s
z1 081 u 1 081− ≤ ≤  

   
. .f

z1 135 u 1 135− ≤ ≤  . .f
z1 216 u 1 218− ≤ ≤  s

rr1.385 0.326σ− ≤ ≤ +  

   
s
rr1.296 0.240σ− ≤ ≤ +  s

2.149 0.277θθσ− ≤ ≤ +  s
1.612 0.343θθσ− ≤ ≤ +  

   
s
zz16.55 5.145σ− ≤ ≤ −  s

zz11.64 6.098σ− ≤ ≤ −  s
rz2.639 2.639σ− ≤ ≤ +  

   
s
rz1.619 1.591σ− ≤ ≤ +  . .0 002 p 3 935− ≤ ≤ +  .0 p 0 195≤ ≤ +  

Figure 5.33: Stress model solutions for the unconfined, adhesive test,                        

at instants Ct 550s=  and Et 850s= , respectively. 
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Figure 5.34: Unconfined, adhesive compression test solution                

(displacement model). 
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Figure 5.35: Unconfined, adhesive compression test solution                          

(stress model). 

 

The following set of results simulate the unconfined compression test (278) with 

impermeable, adhesive loading platens, defined by boundary condition (279) 

using both stress and displacement elements. The variation in time of the results 

for adhesive platens is shown in Figures 5.34 and 5.35 for displacement and stress 

models, respectively. They recover the values reported in Vermilyea and Spilker 

[37], obtained using a relatively highly refined finite element approximation. The 

degrees-of-freedom range from 2,208 to 13,710 when the mixed-penalty approach 

is used, and from 2,380 to 15,041 when the hybrid variant is applied and 

implemented with the same time increment t 5s∆ =  (200 time steps). 

The solutions for displacement and stress models obtained at the four instants 

used before are presented in Figures 5.30 and 5.31 and in Figures 5.32 and 5.33, 

respectively. The results obtained with the displacement element improve the 
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estimates for the displacement in the solid and fluid phases, but the convergence 

in stress and pressure is relatively weaker. 

5.10.3 Indentation test 

The unconfined indentation test, shown in Figure 5.6, is modelled with a 

permeable, lubricated loading platen and an impermeable, adhesive reaction 

platen. The test is also implemented in a single time step, now with 

max 0
t t 5t 5s∆ = = = , for the prescribed displacement u = 0.05mm , using the 

relatively weaker wavelet time approximation basis with dimension N = 64 . 

This test is used by Wu, Herzog and Epstein [63] to compare the results 

obtained with the ABAQUS elements for biomechanical modelling of biphasic 

tissues based on the theoretical solution proposed by Mak, Lai and Mow [18]. The 

estimates for the reaction force obtained with the hybrid-Trefftz elements are 

shown in Figure 5.36. They compare favourably with the ABAQUS solution. 

0.0
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Figure 5.36: Reaction estimate in unconfined indentation tests. 

 

J.Z. Wu and his co-authors do not state clearly either the number of degrees-of-

freedom or the number of elements used in their calculations. It is noted that, in 

this application, the dimensions of the explicit form of the hybrid-Trefftz solving 

systems (150) and (164) are 649 and 643 for the displacement and stress element, 

respectively. 
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5.11 Closure 

The approximation bases used in the implementation of the alternative stress and 

displacement models of the hybrid-Trefftz finite element formulation for the 

analysis of soft tissue specimens are defined for axisymmetric applications, and 

the quality of the solutions they provide is assessed using benchmark tests defined 

in the literature. 

As for two-dimensional problems, it is shown that stable accurate solutions for 

each phase of the medium can be obtained using relatively coarse finite element 

meshes and a low number of degrees-of-freedom. The tests reported here confirm, 

again, the experience gained in elastostatics concerning the role played by the 

boundary approximation. 

The frequency domain tests show that the element is basically insensitive to 

gross distortion in shape. The tests show, also, that the element remains stable 

when each phase of the medium approaches the incompressibility limit. 

The time domain tests, that are reported here, are captured by coupling the finite 

element model with a high-order wavelet time approximation basis, which is 

implemented in single time step. Although the adaptive refinement features of this 

basis are not exploited in this implementation reported here, the time integration 

procedure performed well and proved its ability to capture the peaks in 

acceleration that characterize the benchmarks tests on finite element modelling of 

the response of hydrated soft tissues. 

Due to the nature of the cylindrical description of the Trefftz solutions, the 

modelling of axisymmetric hydrated soft tissue specimens requires the 

implementation of elements with low width-to-height ratios. Consequent upon this 

weakness, refinement of the discretization in the z-direction may be needed to 

solve adequately particular applications. 
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CHAPTER 6 

RESULTS AND FUTURE RESEARCH 

 

 

6.1 Planned Research 

This thesis reports on the development of a research programme originally 

designed to extend into geometrically nonlinear analysis the stress and 

displacement models of the hybrid-Trefftz finite element formulation, using the 

modelling of the response of incompressible hydrated soft tissues as the testing 

application. 

The selection of this application was motivated by the difficulties reported in the 

specialized literature in modelling adequately incompressibility and in deriving 

finite elements with low sensitivity to gross distortion in shape, a common 

situation in large strain analyses. A third issue that arises often in transient 

problems is the dependency of the typical length of the finite element mesh on the 

wavelength of the forcing frequency. 

The reasoning that supported this option was rather simple and proved to be 

somewhat over optimistic. The extensive experience gained in modelling single-

phase elastostatic problems had shown that Trefftz elements could incorporate 

easily the mechanics associated with incompressibility and that the elements were 

virtually insensitive to gross mesh distortion. Moreover, the extension of the 

formulation into dynamic analysis had shown that Trefftz elements were weakly 

sensitive to the wavelength of the excitation.  

These properties are a direct consequence of using an approximation basis that 

is extracted from system of differential equations that govern the application 

problem. Thus, modelling of incompressibility and accommodation of the 

wavelength effect would be intrinsic to the approximation bases used in the 
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implementation of the finite element formulation, and no reason suggested the 

possibility of a strong weakening of the insensitivity of the finite element 

solutions to gross mesh distortion. 

In this context, the central challenge that was envisaged at the earlier times of 

this research was the implementation of Trefftz elements with large deformations. 

It was immediately assumed that the Trefftz constraint – that of using an 

approximation basis extracted from the formal solution of the governing 

differential equation –, would have to be relaxed, due to the nonlinear nature of 

the problem. The plan was to use the solution of the linearized problem to build 

the approximation basis to exploit the features demonstrated in linear analysis, at 

the relatively marginal cost of loosing a property that typifies linear Trefftz 

modelling, that is, that of inducing a boundary integral description of the finite 

element method. 

What was the original plan of research became what is now proposed as future 

research, for good and substantive reasons. It was known, when the research was 

launched, that there was no published experience on the use of Trefftz elements to 

model the response of incompressible saturated porous media. What proved to be 

rather unexpected was that the record on finite element linear modelling of the 

transient response of hydrated soft tissues left open a number of basic issues.  

 

6.2 Results of the Research 

It is believed that, although limited to the Trefftz variant, the research reported 

here summarizes a comprehensive study on the use of the finite element method in 

to model the transient response of hydrated soft tissues. 

Although this study is based on the biphasic theory developed and 

experimentally validated by V.C. Mow and his co-workers, the approach followed 

here can be readily adapted to alternative descriptions of the response of mixtures, 

including those for partially saturated media. 
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The supporting system of basic equations is presented in Chapter 2. The 

commonly used practice of separation of variables in time and space is applied to 

replace the governing parabolic problem by an equivalent elliptic problem. 

However, a distinct approach justifies the reason and the way this discretization of 

the time dimension of the problem is implemented here. 

Time discretization is used in the literature specialized on hydrated soft tissue 

modelling as a simple means to implement well-established time integration 

procedures. All applications are based on trapezoidal rules, which are know to be 

sensitive to the choice of the time increment and to the tuning of the parameters 

that intervene in the integration rule. Surprisingly, it is very weak the reporting in 

the specialized literature on the response of the proposed finite element models to 

different testing situations in transient conditions. 

This issue has justified the encoding of the equivalent elliptic system in the 

format typical of spectral analysis presented in Chapter 2. It is important to make 

explicit a measure of the excitation, through the forcing frequency, to assess the 

sensitivity of the convergence of the element under different conditions of the 

forcing wavelength, namely distortion of shape, incompressibility and typical 

element length.  

The second reason that justifies this option is limited to the Trefftz approach. It 

provides the definition of an adequately strong approximation basis to be used in 

the subsequent phase of the discretization of the space dimension of the problem. 

In order to exploit fully this feature in linear analysis, the analysis in the time 

domain is implemented using an extension of Fourier analysis to non-periodic 

problems. This pseudo-spectral analysis algorithm, which can be implemented 

using alternative time approximation bases, is briefly recalled in Chapter 2. 

Chapter 2 closes with the definition of the energy forms that are involved in the 

modelling of the transient response of hydrated soft tissues. The main reason this 

issue is raised is again the surprisingly weak information in the specialized 

literature on the relation of the alternative finite element formulations with well-

established variational statements. This issue is addressed in Chapter 3, in a 
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manner that is comprehensive but focused on the finite element formulation 

reported here. 

The derivation of this formulation is the central topic of Chapter 3. It would 

have been possible to place the Trefftz variant in a wider context of the finite 

element method by basing the presentation on the most general formulation, that 

is, the hybrid-mixed formulation. However, it was decided that this approach 

would not serve the purpose of clarifying the presentation, as it implied an 

approach that is not so well-known for most finite element users. 

The second approach that was considered was to address directly the derivation 

of the alternative stress and displacement models of the hybrid-Trefftz finite 

element formulation used in this research. This option was not followed because 

experience has shown that readers are often misled in the identification of the 

approximation criteria by the fact that the Trefftz basis is constrained to satisfy all 

domain conditions of the problem. This is particularly the case of readers with a 

background on the boundary element method. 

The compromise reflected in Chapter 3 is to base the presentation on the 

derivation of the hybrid variant of the finite element method. The approximation 

criteria are more clear, as they focus on the use of approximation bases that satisfy 

either the domain equilibrium conditions, in the derivation of the stress model, or 

the domain compatibility conditions, in the derivation of the alternative 

displacement model. The Trefftz variant is then obtained by specialization, 

requiring the approximation basis to satisfy the additional Trefftz constraint. 

It is shown that the stress model develops from the direct (and naturally 

hierarchical) approximation of the stress and pressure fields in the domain of the 

element and of the solid and fluid displacements on its boundary. In the alternative 

displacement model, the fields directly approximated in the domain of the element 

are the displacements in each phase of the mixture and the boundary forces and 

pressure in the solid and in the fluid, respectively. The hybrid-Trefftz formulation 

is obtained by limiting the domain approximation bases to the formal solution of 
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the system of differential equations that govern the behaviour of incompressible 

saturated porous media. 

Using this approach and basing the derivation directly on the local conditions of 

equilibrium, compatibility and elasticity helps to clearly identify the role played 

by each finite element equation. It is hoped that the option of using duality as the 

derivation technique has not hindered the interpretation of the formulation in the 

context of the weighted residual approach to the finite element method. 

The features of the resulting finite element solving systems are stated in Chapter 

3. They are highly sparse and symmetric, except for the velocity-dependent terms. 

They are well-suited to p-refinement because open approximation bases are used 

both in the domain and on the boundary of the element, in the sense that these 

bases are naturally hierarchical and can be enriched by including additional 

(higher) approximation modes. It is noted, also, that the finite element solving 

systems are well-suited to parallel processing in consequence on the discretization 

strategy that is used. As the domain degrees-of-freedom are strictly element-

dependent and the boundary degrees-of-freedom are shared by at most two 

connecting elements, the management of shared information is reduced to a 

minimum. 

Chapter 3 closes the presentation of the alternative stress and displacement 

models of the hybrid-Trefftz finite element formulation with the presentation of 

the theoretical support needed to relate these models with well-established 

variational statements and to establish sufficient conditions for the existence, 

uniqueness and multiplicity of the finite element solutions, yet another form of 

information that is not clearly assumed in the literature specialized in finite 

element modelling of hydrated soft tissues. 

Chapters 4 and 5 address the implementation of the finite element models in the 

solution of two-dimensional and axisymmetric problems, respectively. Their 

structure is intentionally identical: definition of the Trefftz bases used in the 

domain approximations, definition of the boundary approximation bases used in 

the alternative displacement and stress models, clarification of basic aspects of 
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numerical implementation and comprehensive assessment of the formulation 

using well-established benchmark tests. 

The fundamental solutions of the systems that govern the two-dimensional and 

axisymmetric problems had to be derived anew simply because modelling of 

hydrated soft tissues was not an issue when analytical or semi-analytical solution 

procedures were popular. When numerical modelling of this particular application 

was addressed, the conventional, isoparametric approach to the finite element 

method using polynomial approximation bases was dominant. In addition, the 

specialized literature does not evidence the solution of this application using 

Trefftz or Trefftz-like methods, like the boundary element method. 

Consequently, to develop this study it became necessary to derive the formal 

solutions for the transient response of hydrated soft tissues under two-dimensional 

and axisymmetric conditions, and to confirm their completeness and linear 

independence. It became necessary, also, to assess the quality of the finite element 

approximation bases they provide in terms of conditioning. The numerical 

experimentation these issues raised, complicated by the fact that alternative 

descriptions with different behavioural characteristics are possible for each 

problem, took a disproportioned part of the research, as no previous experience 

existed or was reported in the literature. 

As the numerical implementation of the displacement and stress hybrid-Trefftz 

elements for hydrated soft tissue analysis is not substantially different from that 

already reported for different applications, most of the remaining information in 

Chapters 4 and 5 focus on numerical testing and assessment. 

It is thought that the tests implemented in the frequency domain, barely 

presented in the specialized literature, characterize adequately the performance of 

the alternative models in terms of stability and convergence. The tests on mesh 

distortion confirm the results obtained in elastostatic and elastodynamic analyses 

of single-phase media, as the solutions produced by the Trefftz elements remain 

basically insensitive to significant distortions in their shapes. A similar conclusion 

is reached in terms of rates and patterns of convergence, under both p- and h-
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refinement procedures, and on the role played by the domain and boundary bases 

in terms of convergence. In both sets of tests, the effect of the wavelength of the 

excitation is visible only for uncommonly large ratios to the element typical 

dimension. Moreover, it is shown that the estimates produced by the alternative 

elements recover the behaviour that should be expected when the 

incompressibility of the mixture is extended to the quasi-incompressibility of each 

phase. 

Particular attention was paid to ill-conditioning because the literature on this 

issue is plenty in the context of Trefftz-like formulations. The extension into 

transient analysis of hydrated soft tissues confirmed the results of the studies 

previously done in the context of elastostatic and elastodynamic analyses: ill-

conditioning is not intrinsic to Trefftz-like methods; instead, it is consequent upon 

the ill-use of the method. 

The ill-conditioning results presented in Chapter 5 are a small portion of the 

results obtained in the analysis if axisymmetric problems and omit the parallel and 

equivalent results obtained in the analysis on two-dimensional problems. 

Consistent approximation criteria, adequate accuracy in numerical integration and 

the implementation of simple scaling procedures ensure solving systems with 

acceptable condition numbers. 

No difficulties were experienced in modelling forcing frequencies so low that 

are close to induce the collapse of the governing Helmholtz equation into the 

Laplace equation. It is true that very high condition numbers were exposed in 

analyses implemented with high forcing frequencies. However, it should be 

noticed that the material is unlikely to respond linearly in that range of 

frequencies, as the tests reported here assume. Moreover, the results obtained in 

that range of frequencies are still of adequate quality, although no regularization 

scheme is used in their derivation. This quality is assessed in terms of the 

enforcement of the boundary conditions, as all domain conditions, including the 

incompressibility of the mixture, are implicitly satisfied by the Trefftz 

approximation basis. 
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The tests reported on time domain analysis suggest several comments. The 

results show that it is possible to obtain rather good estimates of the stress, 

pressure, displacement and velocity fields using very coarse meshes of high-order 

elements. Although only regular solution modes are used to build the Trefftz 

bases, the results obtained modelled adequately local effects in time – as high 

peaks in acceleration – and in space – namely boundary layer effects. The results 

that are reported compare favourably, at every instant of the period in analysis, 

with the results published in the specialized literature, particularly in what 

concerns the application of penalty mixed elements. They seem to have proven the 

best finite element option to capture incompressibility, at the cost of selecting 

adequate values for the penalty parameter, which is absent in the present 

approach. 

The tests implemented in the time domain are based on a time integration 

method that extends Fourier analysis to non-periodic conditions. A system of 

wavelets is used to define the time component of the approximation, which 

enhances the implementation of the analysis in a single time increment. This is the 

option followed in the implementation of all tests reported here. They illustrate 

well the capabilities of the combination of this particular time integration method 

with the space discretization implied by the Trefftz approach. The animation of 

the results thus obtained capture the mechanisms of wave propagation and 

reflexion that develop in hydrated soft tissue media under both creep and stress 

relation conditions. 

 

6.3 Future Research 

The work reported here suggests two forms of development, namely the 

improvement of the computing tools that have been developed and the extension 

of the technique to a more realistic modelling of the response of hydrated soft 

tissues. 

The very particular nature of the benchmark problems used in the specialized 

literature did not motivate a more efficient use of features that are typical of the 
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hybrid finite element approach followed here. The implementation of the 

formulation used here can be extended to include non-convex or multiply-

connected elements and the bases enriched to model local effects associated with 

singular or high-gradient stress fields. In addition, the numerical tests did not 

justify the implementation of adaptive p-refinement procedures, either in space or 

in time, or the investment in parallel processing. 

In what concerns the improvement of the quality of the modelling, the two 

natural extensions are multiphase problems and, naturally, the original motivation 

of this research, large strain problems. Multiphase modelling, namely the 

extension to partially saturated incompressible porous media, requires the 

development and testing of the adequate Trefftz bases and its implementation and 

testing initially in a linear context. In what regards the geometrically nonlinear 

extension of the transient response of hydrated soft tissues, it is believed that the 

study reported here has established a sound foundation in terms of knowledge and 

the basic expertise. The relative merits of the Trefftz formulation, as compared 

with alternative hybrid and mixed finite element formulations, have been assessed 

and established, and the study provided the insight necessary to support a decision 

to extend the formulation to the modelling of the geometrically non-linear 

response of incompressible soft tissues. 
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Appendix A: Non-Periodic Spectral Decomposition 

The procedure that ensures a time approximation basis that satisfies the 

uncoupling condition (43) can be summarized as follows [185]:
 

1. Let row-vector ( )τϕϕϕϕ , with /t tτ ∆= , represent a (real, in general) basis with 

support [0,1]  and define the time basis ( )tΤΤΤΤ  by the following (complex, in 

general) linear combination, 

 ( ) ( )
T

T
t τ= ZΤ ϕΤ ϕΤ ϕΤ ϕ   

 to yield the following expressions for definitions (41) and (42): 

 ˆ T

T T
= Z h ZΗΗΗΗ   

 
T

T T
= ˆG Z g Z   

 
1

0
dΤ τ= ∫h ϕ ϕϕ ϕϕ ϕϕ ϕ  (A1) 

 
=

( )
1

1 0
dΤ Τ

τ τ= − ∫g ϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕϕ ϕ ϕ ϕ�  (A2) 

2. Compute the (real) eigenvalues, L, and (orthonormal) eigenvectors, E, of the 

(symmetric) matrix h, defined by equation (A1): 

 =h E E ΛΛΛΛ   

3. Set up the (asymmetric) matrix g, defined by equation (A2), and compute the 

(complex conjugate) eigenvalues, ΩΩΩΩ , and eigenvectors, 
*

E , of matrix, 

 
*

( ) ( )
1 1
2 2T− −

=g E g EΛ ΛΛ ΛΛ ΛΛ Λ   

 
* * *

=g E E ΩΩΩΩ   

4. The uncoupling condition (43) holds when the linear combination matrix is 

defined by: 

 
*

1
2T T

T

−
=Z E EΛΛΛΛ   

The definitions below are useful to support the implementation of the time basis: 

 
* *

ˆ( )
1 T T− =H E E   
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 ˆ1

H T

−=Z H Z   

 ˆ ( ) ( )
o 1 T

H
0 0

−= =H T ZΩ ϕΩ ϕΩ ϕΩ ϕ   

Thus, and according to result (A6), the forcing frequencies present in definition 

(61) are /
n n

i tω Ω ∆= −  and /
o

n n
i tω Ω ∆= − . It can be readily verified that all 

prescribed terms in system (62)-(65), (68)-(71), namely the n
th

 order term of the j
th

 

component of the body forces and of the prescribed boundary forces, pressure and 

displacements, say ( )
j

v ,tx , share the following common expression: 

 ˆ( ) ( ) ( )
N

t-1

jn nm m j0
m 1

t v H T t v ,t dt
∆

∆
=

= ∑ ∫x x  (A9) 

 



 221 

Appendix B: Condition Number 

The condition number associated with a problem is a measure of that problem’s 

amenability to digital computation, that is, how numerically well-posed the 

problem is. A problem with a low condition number is said to be well-conditioned, 

while a problem with a high condition number is said to be ill-conditioned [250]. 

The condition number associated with the linear equation =A x b  gives a 

bound on how inaccurate the solution x  will be after approximate solution, before 

the effects of round-off error are taken into account. Conditioning is a property of 

the matrix, not the algorithm or floating point accuracy of the computer used to 

solve the corresponding system. So the round-off errors in computation only 

aggravate the already inaccurate solution of a ill-posed system. 

The condition number of a matrix A  is defined by 

 ( ) 1
.κ −=A A A   

in any consistent norm. This definition depends on the choice of the norm. 

If the second norm, 
2

. , is used and if A  is normal, then 

 ( )
( )
( )

max

min

λ
κ

λ
=

A
A

A
  

where ( )max
λ A  and ( )min

λ A  are maximal and minimal eigenvalues of A , 

respectively. 
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Appendix C: System Scaling  

The global system has the following form: 

 
T

     
=    

     

A B x E

B 0 y F
 

The scaling strategy ensures unit diagonal entries for matrix A  and entries in 

matrix B  smaller than unity. 

Two diagonal scaling matrices are used, 
x

S  and 
y

S . Letting 

 
x

=x S x  

the solving system is scaled into form: 

  

T T

xx x x

T

x

     
=    

    

x S ES A S S B

y FB S 0
 

Depending on the approximation basis, matrix A  may have zero diagonal 

entries. Therefore, these scaling factors are chosen as follows: 

• If 
,maxii jj

a aε<  then 

,max

1
xi

jj

s
a

= . 

• If 
,maxii jj

a aε>  then 
1

xi

ii

s
a

= . 

Scaling of variable y  is enforced next, 

 
y

=y S y  

to yield: 

 

T T T

x x x y x

T T T

y x y

      
=    
     

S A S S B S S Ex

S B S 0 S Fy
 

By choosing 
yi

s  to be the inverse of the largest element (in modulus) in column 

i  of the block matrix 
T

x
S B , the coefficients in each column of the resulting block 

matrix 
T

x y
S B S  are no longer larger than unity. 
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Appendix D: Tikhonov Regularization of Ill-Conditioned 

Problems 

In many cases of linear algebra, the need arises to find a good approximation x̂  to 

a vector x  satisfying an approximate equation ≈A x b  with an ill-conditioned 

matrix A . 

Numerical errors are accumulated in the process of numerical computing the 

system matrix A  and the right-hand side vector b . Moreover, if the system matrix 

A  is an ill-posed matrix, these usually small perturbations may cause large 

changes in the solution vector x . 

In case of a well-posed matrix A  such as, 

 

11 10 14

12 6 13

14 13 66

 
 − 
 − 

 

and right-hand side vector b , 

 

1

0

1

 
 
 
 
 

 

the solution vector x  is: 

 

0.0956409

0.19974

0.00390371

− 
 
 
 
 

 

The condition number of the matrix A , using the spectral norm, is 37 meaning 

the matrix is well-posed. 

When small changes of 0.01% are made on the entries of the system matrix A , 

11.0001 9.9999 14.0001

12.0001 6.0001 12.9999

13.9999 13.0001 65.9999

 
 − 
 − 

 

and vector b , 
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1.0001

0.0001

0.9999

 
 
 
 
 

 

the solution vector x  is: 

 

0.0956249

0.19973

0.00390719

− 
 
 
 
 

 

Thus, perturbing each of the elements of A  and b  by 0.01%, a perturbation of 

0.005% occurs in the largest coefficient of the solution vector x . 

Now, if the system matrix A  is ill-posed, such as, 

 

11 10 14

12 11 13

14 13 66

 
 − 
 − 

 

with the same right-hand side vector, the solution vector x  is: 

 

841

921

3

− 
 
 
 
 

 

The system matrix A  is non-singular as the determinant of the matrix is non-

zero, but it is a nearly singular matrix with condition number 171399. Therefore 

the matrix is ill-conditioned. 

Now, again, after perturbing each of the elements of A  and b  by 0.01% the 

solution vector x  is found to be, 

 

899.604

985.184

3.21395

− 
 
 
 
 

 

which means a perturbation of 7% in the largest coefficient of the solution vector 

x . 

Regularization procedures have been developed to find meaningful approximate 

solutions of ill-conditioned or singular linear systems. 
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Tikhonov regularization [251] is the most commonly used method of 

regularization of ill-posed problems. The ill-conditioned system of linear 

equations =A x b  is replaced by the problem of seeking a solution x  that 

minimizes the smoothing functional: 

 
2 2

[ ]M α= − +x A x b x  

The necessary and sufficient condition for x  to be a minimum point of [ ]M x  is 

that the first Fréchet differentiate of [ ]M x  is equal to zero. As, 

 
* *( [ ]) 2( )M α′= − +x A A x A b x  

the condition takes the following form: 

 
* *α+ =A A x x A b  

Thus, this equation can be solved for some suitably chosen Tikhonov 

regularization parameter 0α >  instead of minimizing [ ]M x . It is possible to 

compute the inverse of 
* α+A A I , where I  is an identity matrix, because the 

matrix 
* α+A A I  is no longer ill-posed or at least it is better conditioned than the 

original system matrix A . Therefore, the approximation x̂  is given by the 

following definition: 

 
* 1 *ˆ ( )α −= +x A A I A b  

When this technique is used to solve the ill-posed numerical test defined above 

with the regularization parameter =0.000000025174α , the solution vector x̂  is 

found to be: 

 

841

921.008

3.00455

− 
 
 
 
 

 

Thus, the traditional Tikhonov regularization scheme produces a result that 

decreases from 7% to 0.00086% of the perturbation on the largest coefficient of 

the solution vector x . 
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In order to obtain smoother solutions, the formula 
* 1 *ˆ ( )α −= +x A A I A b  can be 

used with iterative refinement on the non-regularized system, 

 (0) (0),     = =x 0 r b  

and 

( ) ( ) * 1 * ( ) ( )( ) ,   i i-1 i-1 i (i)α −= + + = −x x A A I A r r b A x  for i = 1,2,... 

An inherent limitation of this regularization technique is that there is no reliable 

way to determine the problem dependent regularization parameter α , in the 

absence of information about the size of the residuals and the degree of 

smoothness. Finding the valid choice for the regularization parameter is still an 

open issue. 




